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proximity effects. The carrier density n is tuned by applying a voltage 
to a Pd/Au bottom gate electrode. In Fig. 1b we show the longitudi-
nal resistance Rxx as a function of temperature for two magic-angle 
devices, M1 and M2, with twist angles of 1.16° and 1.05°, respectively. 
At the lowest temperature studied of 70 mK, both devices show zero 
resistance, and therefore a superconducting state. The critical temper-
ature Tc as calculated using a resistance of 50% of the ‘normal’-state 
(non-superconducting) value is approximately 1.7 K and 0.5 K for the 
two devices that we studied in detail. In Fig. 1c, d we show a single- 
particle band structure and density of states (DOS) near the charge 
neutrality point calculated for θ = 1.05°. The superconductivity in both 
devices occurs when the Fermi energy EF is tuned away from charge 
neutrality (EF = 0) to be near half-filling of the lower flat band (EF < 0, 
as indicated in Fig. 1d). The DOS within the energy scale of the flat 
bands is more than three orders of magnitudes higher than that of 
two uncoupled graphene sheets, owing to the reduction of the Fermi 
velocity and the increase in localization that occurs near the magic 
angle. However, the energy at which the DOS peaks does not gener-
ally coincide with the density that is required to half-fill the bands. 
In addition, we did not observe any appreciable superconductivity 
when the Fermi energy was tuned into the flat conduction bands 
(EF > 0). In Fig. 1e we show the current–voltage (I–Vxx, where Vxx 
is the four-probe voltage, as defined in Fig. 1a) curves of device M2 
at different temperatures. We observe typical behaviour for a two- 
dimensional superconductor. The inset shows a tentative fit of the 
same data to a Vxx ∝ I3 power law, as is predicted in a Berezinskii–
Kosterlitz–Thouless transition in two-dimensional superconductors23. 
This analysis yields a Berezinskii–Kosterlitz–Thouless transition tem-
perature of TBKT ≈ 1.0 K at n = −1.44 × 1012 cm−2, where, as before, 

n is the carrier density induced by the gate and measured from the 
charge neutrality point (which is different from the actual carrier  
density involved in transport, as we show below).

In contrast to other known two-dimensional and layered super-
conductors, the superconductivity in magic-angle TBG requires the 
application of only a small gate voltage, corresponding to a minimal 
density of only 1.2 × 1012 cm−2 from charge neutrality, an order of mag-
nitude lower than the value of 1.5 × 1013 cm−2 in LaAlO3/SrTiO3 inter-
faces and of 7 × 1013 cm−2 in electrochemically doped MoS2, among 
others24. Therefore, gate-tunable superconductivity can be realized 
in a high-mobility system without the need for ionic-liquid gating or 
chemical doping. In Fig. 2a we show the two-probe conductance of 
device M1 versus n at zero magnetic field and at a 0.4-T perpendic-
ular magnetic field. Near the charge neutrality point (n = 0), a typical 
V-shaped conductance is observed, which originates from the renor-
malized Dirac cones of the TBG band structure. The insulating states 
centred at approximately ±3.2 × 1012 cm−2 (which corresponds to ns 
for θ = 1.16°) are due to single-particle bandgaps in the band structure 
that correspond to filling ±4 electrons in each superlattice unit cell. In 
between, there are conductance minima at ±2 and ±3 electrons per 
unit cell. These minima are associated with many-body gaps induced by 
the competition between the Coulomb energy and the reduced kinetic 
energy due to confinement of the electronic state in the superlattice 
near the magic angle; these gaps give rise to insulating behaviour near 
the integer fillings18. One possible mechanism for the gaps is similar 
to the gap mechanism in Mott insulators, but with an extra two-fold 
degeneracy (for the case of ±2 electrons) from the valleys in the origi-
nal graphene Brillouin zone17,18,25,26. In the vicinity of −2 electrons 
per unit cell (n ≈ −1.3 × 1012 cm−2 to n ≈ −1.9 × 1012 cm−2) and at a 
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Figure 2 | Gate-tunable superconductivity in magic-angle TBG. 
a, Two-probe conductance G2 = I/Vbias of device M1 (θ = 1.16°) measured 
in zero magnetic field (red) and at a perpendicular field of B⊥ = 0.4 T 
(blue). The curves exhibit the typical V-shaped conductance near charge 
neutrality (n = 0, vertical purple dotted line) and insulating states at the 
superlattice bandgaps n = ±ns, which correspond to filling ±4 electrons 
in each moiré unit cell (blue and red bars). They also exhibit reduced 
conductance at intermediate integer fillings of the superlattice owing to 
Coulomb interactions (other coloured bars). Near a filling of −2 electrons 
per unit cell, there is considerable conductance enhancement at zero field 
that is suppressed in B⊥ = 0.4 T. This enhancement signals the onset of 

superconductivity. Measurements were conducted at 70 mK; Vbias = 10 µV. 
b, Four-probe resistance Rxx, measured at densities corresponding to 
the region bounded by pink dashed lines in a, versus temperature. Two 
superconducting domes are observed next to the half-filling state, which 
is labelled ‘Mott’ and centred around −ns/2 = −1.58 × 1012 cm−2. The 
remaining regions in the diagram are labelled as ‘metal’ owing to the 
metallic temperature dependence. The highest critical temperature 
observed in device M1 is Tc = 0.5 K (at 50% of the normal-state resistance). 
c, As in b, but for device M2, showing two asymmetric and overlapping 
domes. The highest critical temperature in this device is Tc = 1.7 K.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

Y. Cao et al, 2018

H. Zhou et al, 2022

Untwisted bilayer

• Landau-level-like structure

• Topological obstruction to localized orbitals

• Strong tendency to form Chern bands

• Many features already present w/o moiré 

pattern 

• Predominant generalized ferromagnetism

Unique features

The pioneer, and the best quality



Beyond graphene: other 2d 
materials

Crystals 2017, 7, 121 4 of 25

The layered phases are restricted to the first row of the transition metals, with the exception of the
4d element Zr. Both ZrCl2 and ZrI2 are reported, but not the dibromide. The zirconium compounds
are found to have different structures than the layered 3d transition metal dihalides. As shown in
Figure 2, ZrCl2 adopts the MoS2 structure type [60], which has the same triangular nets of metal
cations and ABC stacking found in CdCl2. However, in ZrCl2 the Zr atoms are in trigonal prismatic
coordination rather than octahedral coordination. As a result the Cl anions do not form a cubic close
packed arrangement in ZrCl2 but instead an AABBCC stacking sequence. ZrI2 is reported to adopt
both the MoTe2 and WTe2 structure types [61,62]. The closely related structures are shown in Figure 2.
The regular triangular net of M cations found in the compounds described previously is disrupted in
ZrI2, which has zigzag chains of Zr atoms (see M � M in-plane distances in Table 1). This points to the
tendency of heavier (4d and 5d) transition metals to form metal-metal bonds. Indeed, in addition to the
layered MoS2 structure described above for ZrCl2, a molecular crystal structure with Zr6 clusters is also
known [63]. Further examples of this tendency will be noted later in discussion of MX3 compounds.
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Figure 1. A section of the periodic table showing the transition metals for which layered MX2
compounds listed in Table 1 form. The metals are highlighted with colors that correspond to the
structure types shown on the lower right. A plan view of a single layer common to both the CdI2 and
CdCl2 structure types is shown on the upper right.
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Figure 3. A section of the periodic table showing the transition metals for which layered MX3
compounds listed in Table 2 form. The metals are highlighted with colors that correspond to the
structure types shown on the lower right. Crosshatching indicates multiple structures have been
reported (see Table 2). A plan view of a single layer common to both the BiI3 and AlCl3 structure types
is shown on the upper right, with coordinate systems corresponding to each structure type.

TiCl3 undergoes a structural phase transition at low temperature [87]. Troyanov et al.
demonstrated that the distortion upon cooling corresponds to a dimerization similar to that noted
above in MoCl3 and TcCl3 [70]. Below 220 K a monoclinic structure was reported. The space group,
C2/m is the same as the AlCl3 structure type, but the structure is different, with three layers per unit
cell. The dimerization is not as extreme in TiCl3 as it is in MoCl3 and TcCl3. At 160 K the Ti-Ti distances
within the distorted honeycomb net are 3.36 and 3.59 Å [70], so the dimerization is not as strong at
this temperature, 60 K below the transition, as it is in MoCl3 and TcCl3 (Table 2) at room temperature.
A structural phase transition is also reported for TiBr3, with a triclinic low temperature structure
(P1) [88], and this same triclinic structure was also later reported for TiCl3 [89].

All three of the layered chromium trihalides are known to undergo temperature induced
crystallographic phase transitions between the AlCl3 and BiI3 structure types [16,73]. At high
temperatures all three adopt the AlCl3 structure and transition to the BiI3 structure upon cooling.
This happens near 240, 420, and 210 K in the chloride, bromide, and iodide, respectively. The phase
transition is first order, displaying thermal hysteresis and a temperature range over which both
phases coexist. Interestingly, it is the lower symmetry monoclinic phase that is preferred at higher
temperatures. The transition must be driven by interlayer interactions, since the layers themselves are
changed little between the two phases. As expected, twinning and stacking faults develops during the
transition upon cooling as the layers rearrange themselves into the BiI3 stacking, which can complicate
interpretation of diffraction data [16].

Multiple structure types have been assigned to the layered form of RuCl3, known as a-RuCl3.
Early reports assigned the trigonal space group P3112 [82] (known as the CrCl3 structure type, although

• Transition metal dichalcogenide 
semiconductors

• Magnetic VdW materials
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FIG. 1. The magnetic structure of NiPS3 with the crystallo-
graphic unit cell, and the unit cell used in the calculation of the
magnetic dynamic structure factor. The insert shows the exchange
interactions between the first, second, and third nearest intraplanar
neighbors. The figure was created using the VESTA program [16].

and FePS3 [12,13]. The technique gives direct access to the
dynamic structure factor, S(Q, E), hence allowing the Hamil-
tonian to be tested and parameterized. In this paper, we report
neutron inelastic scattering experiments on powdered samples
of NiPS3. Estimates for the magnetic exchange parameters
and anisotropy have been determined and are compared in
a consistent manner with those for MnPS3 and FePS3. The
experiments and analysis closely follow those previously re-
ported for powdered FePS3 [12].

II. EXPERIMENTS

Crystal samples of NiPS3 were grown by a vapor transport
method using protocols that have been previously explained in
detail [15]. Approximately 10 grams of crystals were ground
to a powder. The powdered sample was divided into three
portions of approximately equal mass and each portion was
compressed into a cylindrical pellet of 10 mm diameter.
The three pellets were placed side by side in an aluminium
envelope with their cylindrical axes being collinear.

Neutron inelastic scattering measurements were performed
using the MARI [19] and MAPS [20] spectrometers at the
ISIS facility, Rutherford Appleton Laboratories, UK, and us-
ing the BRISP spectrometer [21] at the Institut Laue Langevin,
Grenoble. These are all direct geometry spectrometers, using
a fixed incident neutron energy Ei and measuring the neutron
time-of-flight to determine the final neutron energy.

MARI was used to give an overview of the magnetic exci-
tations. Measurements were performed with incident energies
Ei = 15, 30, 110, and 200 meV. MAPS has a longer sample-
detector path length than MARI and therefore has better
energy resolution for the same incident energy. It was used
with Ei = 200 meV to study in detail the scattering at small
momentum transfers and large energy transfers. BRISP is
optimized for spectroscopic measurements at small scattering

angles, and it was used to characterize a possible spin wave
gap. Measurements were performed with Ei = 20.45 and
81.81 meV.

The sample temperature was controlled using a closed-
cycle cryorefrigerator for the ISIS spectrometers, and a liquid
helium cryostat for the BRISP spectrometer. The measure-
ments were performed at the lowest possible temperature for
the sample environment, which was 5 K for the cryorefrigera-
tors and 1.5 K for the cryostat.

III. DATA MODELLING AND ANALYSIS

The MARI and MAPS data were reduced using the MAN-
TID software suite [22]. The LAMP software package was used
to reduce the BRISP data [23]. The data reduction involved
normalizing to the incident flux, binning the data in rings
with equivalent scattering angle, φ, subtracting a background
estimated from a measurement of the empty cryostat, and a
normalization of the detector efficiency from a measurement
of a vanadium standard.

The MARI and MAPS spectrometers have a large detector
coverage, measuring the scattering to large neutron momen-
tum transfers Q. The phonon contribution was estimated
through the Q dependence of scattering following a protocol
described in the appendix. The estimated phonon contribution
was then subtracted from the data and the results were taken
to be the magnetic inelastic scattering.

The magnetic inelastic scattering data were then modeled
and fitted using linear spin wave theory. The dynamic struc-
ture factor S(Q, E), used to fit the data, was derived from a
Heisenberg Hamiltonian with a single-ion anisotropy:

H = −
∑

i,j

Ji,j Si · Sj − !
∑

i

(
Sz

i

)2
, (1)

where ! is the strength of the anisotropy and Ji,j are the ex-
change interactions, with ferromagnetic exchange interactions
being positive and antiferromagnetic exchange interactions
being negative. The same Hamiltonian was successfully used
to model the magnon spectra for MnPS3 [10] and FePS3
[12,13], and was used to estimate the magnetic exchange and
anisotropy from the magnetic susceptibility of NiPS3 [17].

The crystal structure of NiPS3 is quoted to have some site
disorder between the main 4g and the minority 2a sites for the
Ni, and likewise for the main 4i and the minority 8j sites for
the P [3]. However, it is likely that the minority contribution
may be an artefact of the sample having stacking faults and
refinements of the magnetic structure were not improved
on including the site disorder [15]. Consequently, only the
magnetic structure of the majority sites was considered in the
analysis.

In keeping with previous calculations for FePS3 [13],
S(Q, E) was derived from Eq. (1) by decomposing the antifer-
romagnetic structure of NiPS3 into four interlocking magnetic
sublattices. The sublattice vectors were chosen to be slightly
different to the lattice vectors for the crystallographic unit cell.
Figure 1 shows the axes chosen for the calculation, with the
subscript mag designating the axes for a primitive sublattice.
The vectors a = amag and c = cmag, however the vectors b
and bmag differ. In the magnetic coordinates, |bmag| = 2|a| and
γmag = 120◦. The Miller indices for the two lattices are related

134414-2
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(homobilayer)29–31 or stacking two different monolayers with a lat-
tice mismatch δ (heterobilayer)32–37. A hexagonal superlattice struc-
ture is formed with aM ≈ a/θ for the former and a

M

≈
a

√

δ

2+θ

2

 for the 

latter (Fig. 1d). The typical moiré period is aM ≈ 10 nm ≫ a ≈ 1 Å. 
Owing to the three-fold rotation symmetry in TMD monolayers, 
there are two different stacking structures: 0° stacking and 180° 
stacking, in which the two layers are aligned near twist angles of 0° 
and 180°, respectively. They are also commonly referred to in the 
literature as AA stacking and AB stacking, respectively (not to be 
confused with the AA and AB stacking regions in twisted bilayer 
graphene). We will use this terminology from here on. For AA 
stacking, there are three high-symmetry sites in the superlattice 
(Fig. 1a): the MX site, in which the transition metal atom M (Mo 
or W) lays directly on top of the chalcogen atoms X (S, Se or Te); 
the XM site, the inverse of the MX site; and the MM (or XX) site 
with M (X) in one layer directly on top of M (X) in the other. The 
high-symmetry sites in AB stacking are different (Fig. 1b). These 
include the MX site (the stacking structure of natural bilayer TMDs) 
and the MM and XX sites.

The fabrications of homobilayer and heterobilayer moiré struc-
tures are quite different. The tear-and-stack technique, commonly 
used in making twisted bilayer graphene, is employed for homo-
bilayers38–40. A single TMD monolayer obtained from mechanical 
exfoliation is torn into two halves, which are then re-stacked on 
top of each other with a controllable twist angle θ. In contrast, two 
different TMD monolayers obtained from separate exfoliations are 
involved in the fabrication of heterobilayers. Predetermination of the  
crystal axis for each monolayer is required to create angle-aligned 

heterobilayers. This is often achieved by polarization- and angle- 
resolved optical second-harmonic-generation spectroscopy32–34. 
The typical angle-alignment accuracy is about ±0.5°, which is less 
accurate compared with the tear-and-stack method. However, this 
hardly matters because aM ≈ a/δ for heterobilayers is dominated by 
the lattice mismatch δ ≫ θ (Fig. 1d). The insensitivity of the moiré 
lattice to the twist angle (and therefore twist-angle disorders) is a 
major advantage of heterobilayers.

The superlattice structure of TMD moiré materials has been 
characterized by transmission electron microscopy34,41, STM30,42, 
piezoresponse force microscopy43 and density functional theory 
(DFT) calculations6,42,44. The structure is far from the idealized rigid 
structure without lattice distortion in the constituent monolayers. 
First, there is lattice reconstruction within each monolayer to maxi-
mize the area of the most stable stacking structure in each moiré unit 
cell. This creates a spatially periodic strain modulation within each 
monolayer, which modulates the TMD band edges and contributes 
to the total periodic moiré potential42. Second, there is unintentional 
relative strain between the constituent monolayers from fabrica-
tions; it distorts the perfect hexagonal superlattice structure. The 
unintentional strain can vary randomly over the sample and acts 
as a disorder potential. Third, unintentional twist-angle variations 
randomly distributed over the sample creates random variations in 
the moiré period over a length scale that is smooth compared with 
aM and acts as another source of disorder potential. This effect is 
particularly important in homobilayers43, in which aM is sensitive 
to θ. Finally, large-scale reconstructions into random patches of the 
stable stacking structure and/or stripy patterns can occur in sam-
ples with a large moiré period, such as homobilayers with a small 
twist angle43. The entire moiré superlattice structure can be lost in 
extreme cases.

Semiconductor moiré flat bands
A good starting point to understand the electronic band structure 
of TMD and other semiconductor moiré materials is the continuum 
model5,19,20. In the limit aM ≫ a, the high-energy physics set by the 
atomic scale is well separated from the low-energy physics set by 
the moiré length scale. To a good approximation, electrons in TMD 
moiré materials can be treated as particles with an effective band 
mass m of the constituent monolayers moving in a smooth periodic 
moiré potential VM (Fig. 1b), giving rise to a moiré Hamiltonian 
H

M

=
p

2

2m

+ V

M

 and a series of flat bands in the mini-Brillouin zone 
(Fig. 1c). Here p is the quasi-momentum operator and VM can be 
approximated by a Fourier expansion of harmonics associated with 
different moiré reciprocal lattice vectors5,19,20.
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Fig. 1 | TMD semiconductor moiré materials. a, Moiré lattice structure 
for AA-stacked and AB-stacked TMD semiconductors (top). The 
high-symmetry sites for each case are labelled; their cross-section views 
are shown (bottom). The large and small dots label the transition metal 
atom (where M is Mo and W) and the chalcogen atom (where X is S, Se 
and Te), respectively. b, Schematic illustration of an array of moiré atoms 
that trap electrons, which can tunnel between neighbouring sites with 
amplitude t and experience on-site Coulomb repulsion U. c, Schematic 
layer-resolved moiré band structure for semiconductor moiré materials 
with type-II band alignment. mBZ stands for mini-Brillouin zone, and Eg1 
and Eg2 are the bandgap of the first and second TMD layers, respectively. 
d, Twist-angle dependence of the normalized moiré period aM/a for both 
homobilayers and heterobilayers (in the small-angle limit and δ!=!7%). 
aM/a is much more sensitive to twist-angle variations in homobilayers.

Table 1 | Comparison between twisted bilayer graphene and 
TMD semiconductor moiré materials

Parameter Twisted bilayer 
graphene

TMD semiconductor moiré 
materials

Sensitivity to 
twist angle

Magic angle(s) for 
flat bands
Sensitive to 
twist-angle variations

No magic angle in general
Homobilayer (heterobilayer): 
sensitive (insensitive) to 
twist-angle variations

Local 
tight-binding 
description of 
low-energy 
physics

Not a good 
approximation

Good approximation

Electronic degrees 
of freedom

Spin and valley 
degenerate

Spin–valley locked
Spin or valley degenerate

Typical energy 
scales

W ≈ 10–100!meV
U ≈ 20–40!meV

W ≈ 1–100!meV
U ≈ 100–200!meV
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Large semiconducting gap

moiré bands localized around 
band edge momenta
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latter (Fig. 1d). The typical moiré period is aM ≈ 10 nm ≫ a ≈ 1 Å. 
Owing to the three-fold rotation symmetry in TMD monolayers, 
there are two different stacking structures: 0° stacking and 180° 
stacking, in which the two layers are aligned near twist angles of 0° 
and 180°, respectively. They are also commonly referred to in the 
literature as AA stacking and AB stacking, respectively (not to be 
confused with the AA and AB stacking regions in twisted bilayer 
graphene). We will use this terminology from here on. For AA 
stacking, there are three high-symmetry sites in the superlattice 
(Fig. 1a): the MX site, in which the transition metal atom M (Mo 
or W) lays directly on top of the chalcogen atoms X (S, Se or Te); 
the XM site, the inverse of the MX site; and the MM (or XX) site 
with M (X) in one layer directly on top of M (X) in the other. The 
high-symmetry sites in AB stacking are different (Fig. 1b). These 
include the MX site (the stacking structure of natural bilayer TMDs) 
and the MM and XX sites.

The fabrications of homobilayer and heterobilayer moiré struc-
tures are quite different. The tear-and-stack technique, commonly 
used in making twisted bilayer graphene, is employed for homo-
bilayers38–40. A single TMD monolayer obtained from mechanical 
exfoliation is torn into two halves, which are then re-stacked on 
top of each other with a controllable twist angle θ. In contrast, two 
different TMD monolayers obtained from separate exfoliations are 
involved in the fabrication of heterobilayers. Predetermination of the  
crystal axis for each monolayer is required to create angle-aligned 

heterobilayers. This is often achieved by polarization- and angle- 
resolved optical second-harmonic-generation spectroscopy32–34. 
The typical angle-alignment accuracy is about ±0.5°, which is less 
accurate compared with the tear-and-stack method. However, this 
hardly matters because aM ≈ a/δ for heterobilayers is dominated by 
the lattice mismatch δ ≫ θ (Fig. 1d). The insensitivity of the moiré 
lattice to the twist angle (and therefore twist-angle disorders) is a 
major advantage of heterobilayers.

The superlattice structure of TMD moiré materials has been 
characterized by transmission electron microscopy34,41, STM30,42, 
piezoresponse force microscopy43 and density functional theory 
(DFT) calculations6,42,44. The structure is far from the idealized rigid 
structure without lattice distortion in the constituent monolayers. 
First, there is lattice reconstruction within each monolayer to maxi-
mize the area of the most stable stacking structure in each moiré unit 
cell. This creates a spatially periodic strain modulation within each 
monolayer, which modulates the TMD band edges and contributes 
to the total periodic moiré potential42. Second, there is unintentional 
relative strain between the constituent monolayers from fabrica-
tions; it distorts the perfect hexagonal superlattice structure. The 
unintentional strain can vary randomly over the sample and acts 
as a disorder potential. Third, unintentional twist-angle variations 
randomly distributed over the sample creates random variations in 
the moiré period over a length scale that is smooth compared with 
aM and acts as another source of disorder potential. This effect is 
particularly important in homobilayers43, in which aM is sensitive 
to θ. Finally, large-scale reconstructions into random patches of the 
stable stacking structure and/or stripy patterns can occur in sam-
ples with a large moiré period, such as homobilayers with a small 
twist angle43. The entire moiré superlattice structure can be lost in 
extreme cases.

Semiconductor moiré flat bands
A good starting point to understand the electronic band structure 
of TMD and other semiconductor moiré materials is the continuum 
model5,19,20. In the limit aM ≫ a, the high-energy physics set by the 
atomic scale is well separated from the low-energy physics set by 
the moiré length scale. To a good approximation, electrons in TMD 
moiré materials can be treated as particles with an effective band 
mass m of the constituent monolayers moving in a smooth periodic 
moiré potential VM (Fig. 1b), giving rise to a moiré Hamiltonian 
H

M

=
p

2

2m

+ V

M

 and a series of flat bands in the mini-Brillouin zone 
(Fig. 1c). Here p is the quasi-momentum operator and VM can be 
approximated by a Fourier expansion of harmonics associated with 
different moiré reciprocal lattice vectors5,19,20.
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Fig. 1 | TMD semiconductor moiré materials. a, Moiré lattice structure 
for AA-stacked and AB-stacked TMD semiconductors (top). The 
high-symmetry sites for each case are labelled; their cross-section views 
are shown (bottom). The large and small dots label the transition metal 
atom (where M is Mo and W) and the chalcogen atom (where X is S, Se 
and Te), respectively. b, Schematic illustration of an array of moiré atoms 
that trap electrons, which can tunnel between neighbouring sites with 
amplitude t and experience on-site Coulomb repulsion U. c, Schematic 
layer-resolved moiré band structure for semiconductor moiré materials 
with type-II band alignment. mBZ stands for mini-Brillouin zone, and Eg1 
and Eg2 are the bandgap of the first and second TMD layers, respectively. 
d, Twist-angle dependence of the normalized moiré period aM/a for both 
homobilayers and heterobilayers (in the small-angle limit and δ!=!7%). 
aM/a is much more sensitive to twist-angle variations in homobilayers.

Table 1 | Comparison between twisted bilayer graphene and 
TMD semiconductor moiré materials

Parameter Twisted bilayer 
graphene

TMD semiconductor moiré 
materials

Sensitivity to 
twist angle

Magic angle(s) for 
flat bands
Sensitive to 
twist-angle variations

No magic angle in general
Homobilayer (heterobilayer): 
sensitive (insensitive) to 
twist-angle variations

Local 
tight-binding 
description of 
low-energy 
physics

Not a good 
approximation

Good approximation

Electronic degrees 
of freedom

Spin and valley 
degenerate

Spin–valley locked
Spin or valley degenerate

Typical energy 
scales

W ≈ 10–100!meV
U ≈ 20–40!meV

W ≈ 1–100!meV
U ≈ 100–200!meV
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These studies are incapable of finding UQM

(Much fewer studies with other techniques, not global)
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entirely into the boson sector 
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te↵ij,↵ = tij,↵hb†i bji
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i,↵fj,↵iMF conditions

Physics:

Phases become 
U(1) gauge fields
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Secondary MF
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te↵ij,↵ = tij,↵hb†i bji
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Kij =
X

↵

tij,↵hf†
i,↵fj,↵iMF conditions

Boson rotor model still non-trivial: a canonical 
model for Bose Mott and Bose crystal transitions

For a tractable calculation we carry out a secondary 
MF for the boson problem, and work to quadratic 
order in the fluctuations around it.  This is sufficient to 
obtain all necessary expectation values, and 
becomes exact in the large U limit.



MF Results
Phase diagrams allowing 3 or 4 site unit cells



MF Results
Phase diagrams allowing 3 or 4 site unit cells
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Uniform Mott state
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U(1) Fermi surface state?

Slightly lower energy:

Broken C3 symmetry
Emergent pi-flux Dirac state



Honeycomb Wigner Crystal
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U(1) Dirac spin liquid?

Symmetry of moiré TMD

Accidental reflection 
symmetry

H. Pan et al, 2020

(Homobilayer: heterobilayer is even lower)



Kagome Wigner crystal
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Likely also U(1) Dirac ?

(Analysis in progress)

Or chiral SL?



Next steps

• Mapping to wave functions, corrected energies.


• Competition with magnetic order


• Maximizing energy scale for entanglement: some O(1) 
fraction of bandwidth t??


• What are the observables for spin liquids in TMDs?



Outline

• Two on-going projects


• Looking for spin liquids in moiré “quantum simulators”


• Thermal Hall effect - towards a theoretical 
framework for transverse heat transport



Thermal Hall effect
• Motivation: a probe of exotic phases.  In 

insulators, “must” come from electrons

T1

T2
H =

⇡ck2
B
T

6~
<latexit sha1_base64="Zq51TIbwIwd5kIJh9p4Zlbq3jYc=">AAACIHicbZDLSsNAFIYnXmu9RV26GSyiq5IUUTdCqZsuK/QGTQ0n00k7dJIMMxOhhD6CL+EruNW9O3GpS5/E6WWhrT8M/PznHM6ZLxCcKe04n9bK6tr6xmZuK7+9s7u3bx8cNlWSSkIbJOGJbAegKGcxbWimOW0LSSEKOG0Fw9tJvfVApWJJXNcjQbsR9GMWMgLaRL595g1BCPCr+AZ7oQSSeYJhgod+5b6E6+Ps0hsEIMe+XXCKzlR42bhzU0Bz1Xz72+slJI1orAkHpTquI3Q3A6kZ4XSc91JFBZAh9GnH2BgiqrrZ9ENjfGqSHg4TaV6s8TT9PZFBpNQoCkxnBHqgFmuT8N9aEC1s1uF1N2OxSDWNyWxxmHKsEzyhhXtMUqL5yBggkpnbMRmAwaQN07yB4i4iWDbNUtF1iu7dRaFcmePJoWN0gs6Ri65QGVVRDTUQQY/oGb2gV+vJerPerY9Z64o1nzlCf2R9/QDAmqJj</latexit><latexit sha1_base64="Zq51TIbwIwd5kIJh9p4Zlbq3jYc=">AAACIHicbZDLSsNAFIYnXmu9RV26GSyiq5IUUTdCqZsuK/QGTQ0n00k7dJIMMxOhhD6CL+EruNW9O3GpS5/E6WWhrT8M/PznHM6ZLxCcKe04n9bK6tr6xmZuK7+9s7u3bx8cNlWSSkIbJOGJbAegKGcxbWimOW0LSSEKOG0Fw9tJvfVApWJJXNcjQbsR9GMWMgLaRL595g1BCPCr+AZ7oQSSeYJhgod+5b6E6+Ps0hsEIMe+XXCKzlR42bhzU0Bz1Xz72+slJI1orAkHpTquI3Q3A6kZ4XSc91JFBZAh9GnH2BgiqrrZ9ENjfGqSHg4TaV6s8TT9PZFBpNQoCkxnBHqgFmuT8N9aEC1s1uF1N2OxSDWNyWxxmHKsEzyhhXtMUqL5yBggkpnbMRmAwaQN07yB4i4iWDbNUtF1iu7dRaFcmePJoWN0gs6Ri65QGVVRDTUQQY/oGb2gV+vJerPerY9Z64o1nzlCf2R9/QDAmqJj</latexit><latexit sha1_base64="Zq51TIbwIwd5kIJh9p4Zlbq3jYc=">AAACIHicbZDLSsNAFIYnXmu9RV26GSyiq5IUUTdCqZsuK/QGTQ0n00k7dJIMMxOhhD6CL+EruNW9O3GpS5/E6WWhrT8M/PznHM6ZLxCcKe04n9bK6tr6xmZuK7+9s7u3bx8cNlWSSkIbJOGJbAegKGcxbWimOW0LSSEKOG0Fw9tJvfVApWJJXNcjQbsR9GMWMgLaRL595g1BCPCr+AZ7oQSSeYJhgod+5b6E6+Ps0hsEIMe+XXCKzlR42bhzU0Bz1Xz72+slJI1orAkHpTquI3Q3A6kZ4XSc91JFBZAh9GnH2BgiqrrZ9ENjfGqSHg4TaV6s8TT9PZFBpNQoCkxnBHqgFmuT8N9aEC1s1uF1N2OxSDWNyWxxmHKsEzyhhXtMUqL5yBggkpnbMRmAwaQN07yB4i4iWDbNUtF1iu7dRaFcmePJoWN0gs6Ri65QGVVRDTUQQY/oGb2gV+vJerPerY9Z64o1nzlCf2R9/QDAmqJj</latexit><latexit sha1_base64="Zq51TIbwIwd5kIJh9p4Zlbq3jYc=">AAACIHicbZDLSsNAFIYnXmu9RV26GSyiq5IUUTdCqZsuK/QGTQ0n00k7dJIMMxOhhD6CL+EruNW9O3GpS5/E6WWhrT8M/PznHM6ZLxCcKe04n9bK6tr6xmZuK7+9s7u3bx8cNlWSSkIbJOGJbAegKGcxbWimOW0LSSEKOG0Fw9tJvfVApWJJXNcjQbsR9GMWMgLaRL595g1BCPCr+AZ7oQSSeYJhgod+5b6E6+Ps0hsEIMe+XXCKzlR42bhzU0Bz1Xz72+slJI1orAkHpTquI3Q3A6kZ4XSc91JFBZAh9GnH2BgiqrrZ9ENjfGqSHg4TaV6s8TT9PZFBpNQoCkxnBHqgFmuT8N9aEC1s1uF1N2OxSDWNyWxxmHKsEzyhhXtMUqL5yBggkpnbMRmAwaQN07yB4i4iWDbNUtF1iu7dRaFcmePJoWN0gs6Ri65QGVVRDTUQQY/oGb2gV+vJerPerY9Z64o1nzlCf2R9/QDAmqJj</latexit>

a universal prediction for chiral 
“Ising anyon” phase: agnostic to 

microscopic spin interactions

Ix = H�Ty
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Phonons

Grissonanche et al, 2020

L. Chen et al, 2021



Two types of effects

• Phonons are good quasiparticles


• Non-dissipative effects: 
modifications of intrinsic dynamics 
of individual quasiparticles, e.g. 
Berry phase effects, etc.


• Dissipative effects: modifications 
of scattering of quasiparticles
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Dtp = �[p]

Convective derivative.  Dynamics.

Collision term

Phonon Boltzmann 
equation

Goals: use phonons as a probe of UQM, and understand THE well enough to 
extract true UQM physics, eventually formulate quantum kinetics for perhaps 

more interesting fluids 



Two types of effects

• Phonons are good quasiparticles


• Non-dissipative effects: 
modifications of intrinsic dynamics 
of individual quasiparticles, e.g. 
Berry phase effects, etc.


• Dissipative effects: modifications 
of scattering of quasiparticles

<latexit sha1_base64="YW3QfJNeVKfsb8LRLhi1mWCp+gQ=">AAACCnicbVDLSgMxFM3UV62vqS7dBIvgqsyIohuhqKDLCvYB7TBk0kwbmmRCklHK0D/wF9zq3p249Sfc+iWm7Sy09cCFwzn3ci4nkoxq43lfTmFpeWV1rbhe2tjc2t5xy7tNnaQKkwZOWKLaEdKEUUEahhpG2lIRxCNGWtHwauK3HojSNBH3ZiRJwFFf0JhiZKwUuuXr0EAJL2D3BnGOOjII3YpX9aaAi8TPSQXkqIfud7eX4JQTYTBDWnd8T5ogQ8pQzMi41E01kQgPUZ90LBWIEx1k09fH8NAqPRgnyo4wcKr+vsgQ13rEI7vJkRnoeW8i/utFfC7ZxOdBRoVMDRF4FhynDJoETnqBPaoINmxkCcKK2t8hHiCFsLHtlWwp/nwFi6R5XPVPq97dSaV2mddTBPvgABwBH5yBGrgFddAAGDyCZ/ACXp0n5815dz5mqwUnv9kDf+B8/gAVlpmK</latexit>

Dtp = �[p]

Convective derivative.  Dynamics.

Collision term

Phonon Boltzmann 
equation

Talk about 2nd, and work in progress combining with the first



Dissipative effects
• Basically, this is “skew scattering” of phonons


• We ask how this arises through coupling to electronic degrees 
of freedom


• Transition matrix in full many-body space of phonons+electrons:
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We study the coupling of phonons to any general degree of freedom and its consequences on the
thermal conductivity of phonons.

I. INTRODUCTION

Introduction.—Two-point correlation functions are
ubiquitous in the study of condensed matter systems.
They are often the building blocks of response functions
in scattering and other experiments and appear in Feyn-
man diagrams, as well as Monte Carlo simulations. They
are the central elements of linear response theory, as is
evident from Kubo’s formula [1, 2]. They are often inde-
pendent of the arbitrary phase choice of the wave func-
tion.

Higher order correlation functions have witnessed re-
newed interest recently due to their relevance to the the-
ory of measurement of chaos. A particular type of four-
point correlation function, the “out-of-time-ordered” cor-
relator, has been shown to be related to the Lyapunov
exponent, which measures the rate at which the re-
sult of a measurement diverges after a weak initial
perturbation[3]. From a statistical point of view, higher
order correlation functions measure the non-Gaussianity
of the distribution of an observable. The more strongly
correlated a state is, i.e. the more it deviates from a
free-particle description, the more significant the non-
Gaussianity. Hence multi-point functions are essential
harbingers of strong correlations.

Such correlation functions may appear in the experi-
mental context, for example in Born approximations, be-
yond linear order. When the first order Born contribu-
tion vanishes or is subdominant in a response measure-
ment, the latter provides a relatively rare window into a
complex quantity. This is the case for example in scat-
tering measurements at resonance, such as RIXS [4, 5],
but also when symmetries enforce a vanishing first order
contribution. This occurs in the theory of the thermal
Hall conductivity of phonons [6], a fact which is a central
thread in this paper.

Here we study the thermal conductivity due to
phonons coupled to another degree of freedom, for exam-
ple an electronic or magnetic one. We make no assump-
tions about the nature of the electronic or magnetic state,
and express our results in terms of the correlations of the
local observable – e.g. an order parameter – coupled to
the phonons. As discussed above, when the electronic
or magnetic system is strongly correlated, it does not
admit a quasiparticle description, and non-Gaussianity
is significant. Our treatment rests upon the fact that

the phonons, by contrast, are always good quasiparti-
cles, and hence can be treated by a Boltzmann equation.
We develop the Boltzmann description here using Fermi’s
golden rule and the first and second Born approximations
for the transition probabilities between initial and final
states of the joint observable-and-phonon system. These
resulting collision terms can be expressed through multi-
point correlation functions of the observable. By solving
the Boltzmann equation, we find that the longitudinal
conductivity due to phonons coupled to an external or-
der parameter involves two-point correlation functions,
while the Hall conductivity involves a minimum of four.
In light of several experimental and theoretical stud-

ies [7–10] which highlight the major role of phonons in
the thermal transport in magnetic systems, we apply our
results to two spin Hamiltonians. The first is meant to
describe the physics of the magnetically ordered system,
La2CuO4, while in the second example we apply our for-
malism to a spinon Fermi surface quantum spin liquid
[11].

II. SETUP

Setup.— The quasiparticle nature of phonons justifies
treating their dynamics within the Boltzmann equation,

@tNnk + vnk ·rrNnk = Cnk[{Nn0k0}], (1)

where Nnk(ip) = hip|a†nkank|ipi is the number of (n,k)
phonons (k is the phonon momentum and n an extra
phonon label) in the |ipi state and Nnk =

P
ip
Nnk(ip) is

the average population, and vnk = rk!nk, with !nk the
dispersion of phonons, is the group velocity of phonons.
C is the “collision integral,” which captures in particu-
lar the scattering of phonons with other degrees of free-
dom. Here, the interactions we consider will come from
an interaction Hamiltonian H 0, considered to be a per-
turbation to both the phonon Hamiltonian and that of
the degree of freedom, call it O, coupled to them. In
turn, using Born’s approximation, we have the following
perturbative expansion of the scattering matrix:

Ti!f = Tfi = hf|H 0|ii+
X

n

hf|H 0|nihn|H 0|ii
Ei � En + i⌘

+· · · , (2)

where the |i, f, ni states are product states in the O (in-
dex s) and phonon (index p) Hilbert space, |gi = |gsi|gpiImportant point: 1st order term is Hermitian, so 1st 

order T-matrix is effectively time-reversal invariant 


∎ No Hall effect at leading order.



From T-matrix to collision term

• Coupling Hamiltonian


• Full transition rate


• Phonon transition rate


• Master equation 

In this way we can construct Cnk for any “spin” subsystem
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Léo Mangeolle,1 Leon Balents,2, 3 and Lucile Savary1, 2

1
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We study the coupling of phonons to any general degree of freedom and its consequences on the
thermal conductivity of phonons.

I. INTRODUCTION

Introduction.—Two-point correlation functions are
ubiquitous in the study of condensed matter systems.
They are often the building blocks of response functions
in scattering and other experiments and appear in Feyn-
man diagrams, as well as Monte Carlo simulations. They
are the central elements of linear response theory, as is
evident from Kubo’s formula [1, 2]. They are often inde-
pendent of the arbitrary phase choice of the wave func-
tion.

Higher order correlation functions have witnessed re-
newed interest recently. They arise theoretically in the
measurement of chaos. A particular type of four-point
correlation function, the “out-of-time-ordered” correla-
tor, has been shown to be related to the Lyapunov
exponent, which measures the rate at which the re-
sult of a measurement diverges after a weak initial
perturbation[3]. Multi-point correlations also naturally
describe non-linear response, e.g. in non-linear optics
such as second harmonic generation, and in “multi-
dimensional spectroscopy”[4] [more refs] . They may
also arise in scattering measurements at resonance, such
as RIXS [5, 6]. From a statistical point of view, higher
order correlation functions measure the non-Gaussianity
of the distribution of an observable. The more strongly
correlated a state is, i.e. the more it deviates from a
free-particle description, the more significant the non-
Gaussianity. Hence multi-point functions are essential
harbingers of strong correlations.

Here we study the thermal conductivity due to

phonons coupled to another degree of freedom, for exam-
ple an electronic or magnetic one, and express our results
in terms of the correlations of the local observable – e.g.
an order parameter Q– coupled to the phonons, e.g.

H 0 =
X

nk

⇣
a†
nkQ

†
nk + a

nkQnk

⌘
, (1)

for the simplest case of linear coupling to phonons. Then
we find that the leading diagonal scattering rate is

Dnk = �1

~

Z
dte�i!nkt

D
[Qnk(t), Q

†
nk(0)]

E

�

+D0
nk, (2)

where D0 includes both higher order terms and contri-
butions from other mechanisms such as scattering from
impurities. [Note: I would like to redefine the sign of
Dnk so that it is positive!] This controls the symmetric
(dissipative) part of the thermal conductivity, which to
the same leading order is

µ⌫

L
=

~2
kBT 2

1

V

X

nk

!2

nk

4Dnk sinh
2(�!nk/2)

vµ
nkv

⌫

nk. (3)

By contrast, the thermal Hall conductivity is antisym-
metric, and hence completely controlled by o↵-diagonal
scattering, and of fourth order. All second order contri-
butions necessarily give a vanishing contribution due to
detailed balance(Ref. [7], and see Sec. ??). We define two
four-time correlation functions,

WH,++

nkn0k0(t, t1, t2) = sign(t1)
D
[Qn0k0(t� t1), Qnk(t+ t1)]{Q†

n0k0(�t2), Q
†
nk(t2)}

E
,

WH,+�
nkn0k0(t, t1, t2) = sign(t1)

D
[Q†

n0k0(t� t1), Qnk(t+ t1)]{Qn0k0(�t2), Q
†
nk(t2)}

E
, (4)

reflecting particle-particle and particle-hole type processes. Note the combination of commutator [, ] and anti-
commutator {, } in Eq. (4), which imposes the subtle structure that extracts the part of the correlations responsible
for a Hall e↵ect. Proper Fourier transformation converts these into rates

WH,++

nkn0k0 = 2Re
h
fWH,++

nkn0k0(!nk + !n0k0 ,!nk � !n0k0 ,�!nk + !n0k0)
i
,

WH,+�
nkn0k0 = 2Re

h
fWH,+�

nkn0k0(!nk � !n0k0 ,!nk + !n0k0 ,�!nk � !n0k0)
i
. (5)

“S
pi

n”

Can be anything non-
phononic, e.g. electronic



Scattering rates

O(Q2)

O(Q4)

commutator anti-commutator

Anti-detailed balance



Thermal Hall effect
Anti-symmetric part 



Thermal Hall effect
Anti-symmetric part 

Basic idea
<latexit sha1_base64="3VeVJ2PIBkLxbdiBBYemp8RFkP0="></latexit>

#rT = �1

⌧
�n� 1

⌧skew
�n

<latexit sha1_base64="3N0MhEHEkrL7gIXKYsougsThwkQ="></latexit>

�n = �⌧#rT � ⌧

⌧skew
�n

<latexit sha1_base64="tljUujDCOw5RlklmJjih7FiyAQg="></latexit>

⇡ �⌧#rT � ⌧2

⌧skew
#rT



Thermal Hall effect
Conductivity versus resistivity

Sensitive to all ordinary 
scattering mechanisms.  

Very non-universal

Only sensitive to skew 
scattering.  A better 

quantity to study.

Indeed follows from our formulae
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Many-body skew scattering

What good is it?
• In principle, this can be applied for any Q, 

could be e.g. quantum critical field etc.

• Can be used to analyze symmetries, ala 

Onsager

• That said, it is very hard to calculate such real-

time correlation functions…maybe with a 
quantum simulator?



Application to an 
antiferromagnet

For concreteness, 
2d, layered 

Spin waves

Collective field



Application to an 
antiferromagnet

For concreteness, 
2d, layered 

Spin waves

Collective field

Negligible phase space



Application to an 
antiferromagnet

For concreteness, 
2d, layered 

Spin waves

Collective field

Negligible phase space Structure hidden here



General result
• Diagonal scattering rate:

• Skew scattering rate:

Could be applied to any magnet



Continuum magnons
H

Hamiltonian

Spin-lattice coupling
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Hs�l =

Solve NLSM constraints, expand around canted state
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Continuum magnons
H

Hamiltonian

Spin-lattice coupling
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Effective TRS breaking



Scaling
• B coefficients: 
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⌦ ⇠ ! ⇠ vphk ⇠ kBT

smallness: ions 
are heavy.

Antiferromagnet: order-parameter 
(n) has strongest correlations

• Diagonal scattering rate:

~ Td+2, Td, Td-2 ?



Scaling
• B coefficients: 
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• Diagonal scattering rate:

~ Td+2, Td, Td-2 



Scaling: Hall
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W ⇠ T d�3B4

This gives Hall resistivity:

From the formula:

Effective TRS breaking: one factor of m-n coupling:



Check: numerical calculation
Many parameters: loosely inspired by Copper 

Deuteroformate Tetradeuterate (CFTD)   

Good match of 
magnon and phonon 

phase space



Diagonal conductivity

One can see Heisenberg regimes, 
anisotropic regime, extrinsic regime



Skew scattering
Cut through the skew scattering rate:

A very complex object, lots of phase space features



Thermal Hall resistivity

Observe T4 behavior 
(Heisenberg regime)

Larger effect with current 
perpendicular to plane, 
even though we took 
the magnetism strictly 
2d (magnons do not 

propagate in z direction)
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Two types of effects

• Phonons are good quasiparticles


• Non-dissipative effects: 
modifications of intrinsic dynamics 
of individual quasiparticles, e.g. 
Berry phase effects, etc.


• Dissipative effects: modifications 
of scattering of quasiparticles
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Dtp = �[p]

Convective derivative.  Dynamics.

Collision term

Phonon Boltzmann 
equation

Work in progress: I can only tell you why this is not so easy



Phonon Hall viscosity
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Leading effect of TRS 
breaking for phonons

•Originates from electronic, spin contributions

•Hamiltonian: 

• Induces Berry curvature of phonon states

• Intrinsic thermal Hall effect is allowed



Phonon Hall viscosity

\
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xy ⇠ ⌘T 3

• Simple formula seems semi-classical but subtle

• c.f. electrical Hall effect


- Contributions far from chemical potential

- Driven by anomalous velocity due to force on electrons
<latexit sha1_base64="UsPad9C+rbSiaYIHlmHlHVT+6Wo="></latexit>

vanom = �dk

dt
⇥⌦ = eE ⇥⌦

These subtleties are related to “energy magnetization”, taking into account “local 
equilibrium” currents



Energy magnetization
Equilibrium energy current

M

M=0 outside

Surface energy 
current

Magnetization current becomes non-zero in bulk out of equilibrium
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Jeq
✏ = r⇥M✏

This is a physical current but it is always cancelled by a boundary 
contribution and does not contribute in any transport measurement

N. Cooper et al, 1997; T. Qin et al, 2011; A. Kapustin+L. Spodyneiko, 2020
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J tr
✏ = J✏ �r⇥M✏“Transport current” 
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r⇥M✏ = rT ⇥ @M✏

@T



In progress

• Quasi-classical (kinetic equation) derivation of energy 
magnetization


• Combination with Berry phase dynamics in quantum kinetic 
equation (c.f. Sachdev et al on Hall viscosity+scattering)


• Corrections to the current operator in a gravitational field


• Keldysh formulation to include both effects


• We’d like to learn Son’s new coadjoint orbit approach!



Thanks
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