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Outline
• A bit about quasiparticles and spin liquids 

• Dynamical susceptibility of a spinon Fermi surface in a 
small Zeeman field 

• Interactions induce a gap between two “optical” 
modes 

• Dynamical susceptibility of 1d spin chains 

• Similar effect at low fields, new effects at high fields



Quasiparticles
• Fundamental excitations of a many body ground state 

• Behave like particles: single quasiparticle is long-lived 

• Example: metal
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Quasiparticles
• Spin wave: bosonic quasiparticle in a magnet
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Inelastic neutron scattering: 
dynamical susceptibility



Exotic quasiparticles

• 1d solitons (spin chains, SSH model) 

• Laughlin QPs 

• Spinon in 2d spin liquid

c.f. Subir: Fractionalization



Parton MFT
• Spins ~Sr = 1
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two-particle continuum?



Parton MFT
• Spins ~Sr = 1
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two-particle continuum?Interactions are inevitable since 
multiple quasiparticles are always 

created together by any local 
operator
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Dynamical spin susceptibility



Larmor Theorem
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• Topological QSLs 

• U(1) QSL 

• Dirac QSLs 

• Spinon Fermi surface

Classes of QSLs
anyons, 
spinons 

compact U(1)

QED3

non-Fermi 
liquid “spin 

metal”



Spinon Fermi surface

• The most gapless/highly 
entangled QSL state 

• Like a “metal” of neutral 
fermions w/ a U(1) gauge field 

• Prototype “non-Fermi liquid” 
state of great theoretical 
interest
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Spinon Fermi surface

as shown in Figure 3a. The monovalent anion, X!1, has no contribution to electronic conduc-

tion or magnetism. In the conducting layer, the ET molecules form dimers, which are arranged

in a checkerboard-like pattern (Figure 3b). From the band structure point of view, two ET

highest occupied molecular orbitals (HOMOs) in a dimer are energetically split into bonding

and antibonding orbitals, each of which forms a conduction band due to the interdimer transfer

integrals (12). The two bands are well separated so that the relevant band to the hole filling is

the antibonding band, which is half-filled with one hole accommodated by one antibonding

orbital. The dimer arrangement is modeled to an isosceles-triangular lattice characterized by

two interdimer transfer integrals, t and t0 (Figure 3c) of the order of 50 meV, whose anisotropy,

t0/t, depends on the anion X.

2.2. Criticality of Mott Transition in ET Compounds

The competition of kinetic energy and correlation energy, which are characterized by band-

width W and on-site Coulomb energy U, gives rise to Mott transition between wave-like

itinerant electrons and particle-like localized electrons. Because the Mott transition is a metal-

insulator transition without symmetry breaking, the first-order transition expected at low tem-

peratures can have a critical endpoint at a finite temperature, as in the gas-liquid transition

(Figure 1a). This feature of the Mott phase diagram was first deduced by the reduction of

Hubbard Hamiltonian to the so-called Blume-Emery-Griffiths model (13) and then extensively

discussed in terms of dynamical mean field theory (DMFT) (14), which showed that the Mott

transition belongs to the Ising universality class (15). It is well established that the k-(ET)2X
family is situated in the vicinity of Mott transition (9, 16–24). To explore the phase diagram

beyond the conceptual one, and to uncover the critical behavior of Mott transition, experiments

on a single material under precisely controlled pressure and temperature are required.

The compound studied is k-(ET)2Cu[N(CN)2]Cl, which is a Mott insulator (25) with a

sizable anisotropy of triangular lattices; the t0/t value is 0.75 or 0.44, according to the tight-

binding calculation of molecular orbital or first-principles calculation (26), respectively. The

resistivity measurements of k-(ET)2Cu[N(CN)2]Cl under continuously controllable He-gas

pressure unveiled the Mott phase diagram (27–30), where the first-order transition line dividing

the insulating and metallic phases has an endpoint around 40 K (Figure 4). The presence of

the critical endpoint was proved in spin and lattice degrees of freedom as well; namely,

nuclear magnetic resonance (NMR) (31), ultrasonic velocity (32, 33), and expansivity (34).

The bending shape of the phase boundary reflects the entropy difference between the insulating

t

t'

t

a cb
X

ET

S

S

S

S
S

S

S

S

Figure 3

Structure of k-(ET)2X. (a) Side and (b) top view of the layer and (c) modeling the in-plane structure into an isosceles-triangular lattice
with two kinds of transfer integrals.
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each other in a way that the Ni ion in one layer is projected
towards the center of the triangle formed by the Ni ions in
the adjacent layers along the c axis, as shown in Fig. 1(h).
The instability of the 6H-A phase should arise from the
fact that high pressures tend to reduce the Sb5þ-Sb5þ

distance and therefore partially relieve strong electrostatic
repulsion by exchanging Ni with one of the Sb atoms.
Battle et al. reported a similar structure for the 6H-B phase
[26], but with no physical characterization.

With increasing pressure we observed an additional
phase transformation to a cubic perovskite structure. This
3C phase was obtained under 9 GPa and at a temperature of
1000 "C kept for 30 min. Its XRD pattern [Fig. 1(c)] is best
described as a double perovskite in a Ba2MM0O6 model
with the cubic space group Fm3m having a lattice parame-

ter a ¼ 8:1552ð2Þ !A. The refinement shows a full-ordered
arrangement of Ni2=3Sb1=3 and Sb atoms at the M and M0

sites [Fig. 1(f)], respectively. Therefore the Ni2=3Sb1=3
sites form a network of edge-shared tetrahedra, as shown
in Fig. 1(i). Instead of adopting a primitive perovskite
structure in which the Ni2þ and Sb5þ ions are randomly
distributed, the preferred double-perovskite structure
should be attributed to the large difference in charges
between the Ni2þ and the Sb5þ ions.

All three samples are insulators with the room tempera-
ture resistance higher than 20 M". The dc magnetic sus-
ceptibility [!ðTÞ, Fig. 2] for all three compounds was
measured under a fieldH ¼ 5000 Oe. For each compound,
one does not observe any difference between the data
measured under zero-field-cooled and that measured
under field-cooled conditions. The 6H-A sample exhibits

a cusplike anomaly at the antiferromagnetic ordering tem-
perature TN ¼ 13:5 K, as previously reported [25]. On the
other hand, neither the 6H-B nor the 3C phase show any
sign of long-range magnetic order down to 2 K. For the
6H-B phase, we have subtracted the Curie contribution
provided by 1.7% Ni2þ of orphan spins from the as-
measured data. This percentage of Ni2þ orphan spins was
calculated from fitting the specific-heat data [27]. After this
subtraction, !ðTÞ for the 6H-B phase (open squares in
Fig. 2) basically saturates below 25 K with a saturation

0 50 100 150 200 250 300
0.000

0.004

0.008

0.012

0.016

0.020

0.024

0.028  6H-A
 6H-B
 6H-B orp-spin
 6H-B subtra.
 3C

T (K)

-1
 (m

ol
/e

m
u)

 (e
m

u/
m

ol
)

T (K)

-200 -100 0 100 200 300
0

100

200

300
 6H-A
 6H-B subtra.
 3C

FIG. 2 (color online). (a) Temperature dependencies of the dc
magnetic susceptibility (!) for the Ba3NiSb2O9 polytypes. Inset:
Temperature dependencies of 1=!. The solid lines on 1=! data
represent Curie-Weiss fits. For 6H-B phase, ! (open squares) is
obtained by subtracting 1.7% Ni2þ orphan spin’s contribution
(crosses) from the as-measured data (solid squares).
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FIG. 1 (color online). Powder XRD patterns (crosses) at 295 K for the Ba3NiSb2O9 polytypes: (a) 6H-A, (b) 6H-B, and (c) 3C. Solid
curves are the best fits obtained from Rietveld refinements using FULLPROF. Schematic crystal structures for the Ba3NiSb2O9

polytypes: (d) 6H-A, (e) 6H-B, and (f) 3C; red octahedra represent Sb(M0) sites, and blue octahedra represent Ni2=3Sb1=3ðMÞ sites.
Magnetic lattices composed of Ni2þ ions for the Ba3NiSb2O9 polytypes: (g) 6H-A, (h) 6H-B, and (i) 3C.
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Effective field theory

• Spinon Fermi surface: “uniform RVB”
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tiplier Ai0, which takes the role of the time-component of
a gauge field, i.e. scalar potential. Microscopic exchange
interactions, which are quadratic in spins, and are there-
fore quartic in fermions, are decoupled to introduce new
link fields whose phases act as the spatial components of
the corresponding gauge fields A, i.e. the vector poten-
tial.

To describe the universal low energy physics, it is ap-
propriate to consider “coarse-grained” fields  

↵
, 

†
↵
de-

scending from the microscopic ones, and include the
symmetry-allowed Maxwell terms for the U(1) gauge
field. Furthermore, due to the finite density of states
at the spinon Fermi surface, the longitudinal scalar po-
tential is screened and the time component A0 can then
be integrated out to mediate a short-range repulsive in-
teraction u between like charges. Therefore we consider
the Euclidean action S = S + SA + Su, where [22–24]
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Here x = (⌧,x) is the space-time coordinate, q = (!n, q)
is the three-momentum,  ↵ is a two-component spinor,
with spin indices ↵,� =", # that are suppressed when
possible, !B describes static magnetic field B = Bẑ

and includes the g-factor as well as the Bohr magneton.
The gauge dynamics is derived in the Coulomb gauge
r·A = 0 withA(q) = iẑ⇥q̂A(q). The gauge action SA is
generated by spinons and � = 2n̄/kF and � = 1/(24⇡m)
represent Landau damping and diamagnetic susceptibil-
ity of non-interacting spinon gas, correspondingly (m is
the spinon mass, n̄ is the spinon density and kF is the
Fermi momentum of non-magnetized system).

We proceed with the assumption of SU(2) symmetry,
a good first approximation for many spin liquid materi-
als, and address the e↵ect of its violations in the latter
part of the paper. Previous investigations focused on the
transverse vector potential A, which is not screened but
Landau damped, and hence induces exotic non-Fermi-
liquid physics. For example, one finds a self-energy vary-
ing with frequency as !2/3, and a singular contribution
to the specific heat cv ⇠ T

2/3 [22, 23]. However, notably,
the transverse gauge field has negligible e↵ects on the
hydrodynamic long-wavelength collective response [24].
Here, we instead focus on the short-range repulsion u,
which produces an exchange field that dramatically al-
ters the behavior in the presence of an external Zeeman
magnetic field giving rise to finite magnetization. Gauge
fluctuations play a subsidiary role which we also include.

An important constraint follows purely from symme-
try. Provided the Hamiltonian in zero magnetic field has
SU(2) symmetry, a Zeeman magnetic field leads to a fully

determined structure factor at zero momentum. Specif-
ically, the Larmor/Kohn theorem [25] dictates that the
only response at q = 0, X

00
±

= 2M�(! � 2!B), sign!
where M = (n̄" � n̄#)/2 is the magnetization and !B is
the spinon Zeeman energy. For free fermions, the delta
function is precisely at the corner of the spinon particle-
hole continuum (also known as the two-spinon contin-
uum). However, the contact exchange interaction shifts
up the particle-hole continuum, at small momentum q,
away from the Zeeman energy 2!B to 2!B + 2uM . This
is seen by the trivial Hartree self-energy

⌃� =

��

= un̄�� = �uM� + un̄/2, (3)

where we use a zig-zag line to diagrammatically repre-
sent the local u interaction, � ="= 1 and � =#= �1,
and n̄� is the expectation value of spin-� spinon density
in the presence of magnetic field. Consequently, for the
Larmor theorem to be obeyed, there must be a collective

transverse spin mode at small momenta.

This collective spin mode is most conveniently de-
scribed by the Random Phase Approximation (RPA),
which corresponds to a standard resummation of particle-
hole ladder diagrams [26]. For the particular case of a
momentum-independent contact interaction, one has
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#
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+ · · ·

=
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where the fermion lines correspond to the spinon Green’s
functions including the Hartree shift (3), and in this ap-
proximation �±(q, i!n) = �

0
±
(q, i!n) is the bare suscep-

tibility bubble, calculated using these functions. We will
however use the second line in Eq. (4) to later define the
RPA approximation even when gauge field corrections
(but not the local interaction u) are included in �±. For
the moment, we simply evaluate the bare susceptibility,
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Here !n, kn are bosonic and fermionic Matsubara fre-
quencies, respectively. A simple calculation, followed by
analytical continuation i!n ! ! + i0, gives
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scending from the microscopic ones, and include the
symmetry-allowed Maxwell terms for the U(1) gauge
field. Furthermore, due to the finite density of states
at the spinon Fermi surface, the longitudinal scalar po-
tential is screened and the time component A0 can then
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ity of non-interacting spinon gas, correspondingly (m is
the spinon mass, n̄ is the spinon density and kF is the
Fermi momentum of non-magnetized system).

We proceed with the assumption of SU(2) symmetry,
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als, and address the e↵ect of its violations in the latter
part of the paper. Previous investigations focused on the
transverse vector potential A, which is not screened but
Landau damped, and hence induces exotic non-Fermi-
liquid physics. For example, one finds a self-energy vary-
ing with frequency as !2/3, and a singular contribution
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2/3 [22, 23]. However, notably,
the transverse gauge field has negligible e↵ects on the
hydrodynamic long-wavelength collective response [24].
Here, we instead focus on the short-range repulsion u,
which produces an exchange field that dramatically al-
ters the behavior in the presence of an external Zeeman
magnetic field giving rise to finite magnetization. Gauge
fluctuations play a subsidiary role which we also include.
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hole continuum (also known as the two-spinon contin-
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transverse spin mode at small momenta.

This collective spin mode is most conveniently de-
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hole ladder diagrams [26]. For the particular case of a
momentum-independent contact interaction, one has

X±(q, i!n) =

"

#
+

"

#
+

"

#
+ · · ·

=
�±(q, i!n)

1 + u�±(q, i!n)
, (4)

where the fermion lines correspond to the spinon Green’s
functions including the Hartree shift (3), and in this ap-
proximation �±(q, i!n) = �

0
±
(q, i!n) is the bare suscep-

tibility bubble, calculated using these functions. We will
however use the second line in Eq. (4) to later define the
RPA approximation even when gauge field corrections
(but not the local interaction u) are included in �±. For
the moment, we simply evaluate the bare susceptibility,

�
0
±
(q, i!n) =

1

�V

X

kn,k

1

ikn � ✏k + !B � un̄#

⇥
1

ikn + i!n � ✏k+q � !B � un̄"

. (5)

Here !n, kn are bosonic and fermionic Matsubara fre-
quencies, respectively. A simple calculation, followed by
analytical continuation i!n ! ! + i0, gives

<�
0
±
(q,!) =

2Msign(! � 2!B � 2uM)p
(! � 2!B � 2uM)2 � v

2
F
q2

,

=�
0
±
(q,!) =

�2Mp
v
2
F
q2 � (! � 2!B � 2uM)2

, (6)

Emergent gauge field

Zeeman term

Ioffe,Larkin 1989 Nagaosa 1999

Kim, Furusaki, Lee, Wen 1994

Basis for diagrammatics

Sachdev, Metlitski, Senthil, McGreevy…very 
possibly >1/2 the UQM panel??



Free particles: p/h continuum

lowest energy for k<2kF

maximum energy
2kF0 q

E

Fermi surface



particle-hole continuum

q=0 costs Zeeman energy

zero energy when vFq 
= Zeeman

With Zeeman field

EZ/vF

EZ

q

E

Spin waves in magnetized spin liquids

Leon Balents1 and Oleg A. Starykh2

1Kavli Institute for Theoretical Physics, University of California, Santa Barbara, CA 93106, USA
2Department of Physics and Astronomy, University of Utah, Salt Lake City, Utah 84112, USA

(Dated: February 11, 2019)

The search for the enigmatic spin liquid state has
switched into high gear in recent years. Dramatic the-
oretical (Kitaev model [1, 2] and spin liquid in tri-
angular lattice antiferromagnet [3]) and experimental
(YbMgGaO4 [4, 5] and ↵-RuCl3 [6]) developments leave
no doubt of the eventual success of this enterprise. To
push this to the next stage, it is incumbent upon the com-
munity to identify specific experimental signatures that
evince the unique aspects of these states. In this paper,
we address one of the most important measurable quanti-
ties in the two dimensional U(1) QSL with a spinon Fermi
surface. This is a priori the most exotic two dimensional
QSL state, and yet one which has repeatedly been advo-
cated for in both theory and experiment. Specifically, we
study the dynamical susceptibility of the q-component of
the spin operator Sa

q (a = x, y, z)

�±(q,!) = i

Z 1

0
dth[S†

q(t), S
�
�q(0)]iei!t (1)

which is an extremely information-rich quantity, and is
accessible through inelastic neutron scattering [7], ESR
[8, 9], and RIXS [10]. A demonstration of distinctive
features in it would be a major advance in the connection
of theory and experiment in this unique phase of matter.

We recapitulate the derivation of the theory of the
spinon Fermi surface phase [11, 12]. One introduces
Abrikosov fermions by rewriting the spin operator
Si =

1
2c

†
i↵�↵�ci� , where ci↵, c

†
i↵ are canonical fermionic

spinors on site i with spin-1/2 index ↵ (repeated spin
indices are summed). This is a faithful representation
provided the constraint c†i↵ci↵ = 1 is imposed – this con-
straint induces a gauge symmetry. In a path integral rep-
resentation, the constraint is enforced by a Lagrange mul-
tiplier Ai0, which takes the role of the time-component of
a gauge field, i.e. scalar potential. Microscopic exchange
interactions, which are quadratic in spins are hence quar-
tic in fermions are decoupled to introduce new link fields
whose phases act as the spatial components of the corre-
sponding gauge fields A, i.e. the vector potential.

To describe the universal low energy physics, it is ap-
propriate to consider “coarse-grained” fields  ↵, 

†
↵ de-

scending from the microscopic ones, and include the
symmetry-allowed Maxwell terms for the U(1) gauge
field. Furthermore, due to the finite density of states
at the spinon Fermi surface, the longitudinal scalar po-
tential is screened and the time component A0 can then

be integrated out to mediate a short-range repulsive in-
teractions between like charges. Therefore we consider
the Euclidian action S = S + SA + Su, where [11–13]

S =

Z
d⌧d2r †
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Z
d⌧d2r u  †

"(r, ⌧) "(r, ⌧) 
†
#(r, ⌧) #(r, ⌧). (2)

Here ↵,� =", # are spin indices, !B describes static mag-
netic field B = Bẑ and includes g-factor as well as Bohr
magneton. Gauge dynamics is derived in the Coulomb
gauge r · A = 0 and µ, ⌫ = x, y run over spatial in-
dices. Gauge action SA is generated by spinons and � =
2n̄/kF and � = 1/(24⇡m) represent Landau damping
and diamagnetic susceptibility of non-interacting spinon
gas, correspondingly (m is the spinon mass, n̄ is the
spinon density and kF is the Fermi momentum of non-
magnetized system).
Action of the screened temporal component A0

of the gauge 3-vector (A0,A) is given by SA0 ⇡
�m
4⇡

R d!nd
2q

(2⇡)3 |A0(q,!n)|2. Integrating it out generates

local repulsion term Su in (2) which describes spinon
density-density interactions of a contact kind. By the ex-
clusion principle it is characterized by a single parameter
u > 0. Note that in principle the u-term also accounts
for other short-ranged contributions which are allowed
by SU(2) spin-rotational symmetry.
We proceed with the assumption of SU(2) symmetry,

a good first approximation for many spin liquid mate-
rials and address the e↵ect of its violations in the latter
part of this paper. Previous investigations focused on the
transverse vector potential A, which is not screened but
Landau damped, and hence induces exotic non-Fermi-
liquid physics. For example, one finds a self-energy vary-
ing with frequency as !2/3, and a singular contribution
to the specific heat cv ⇠ T 2/3. However, notably, the
transverse gauge field has negligible e↵ects on the hydro-
dynamic long-wavelength collective response [13]. Here,
we instead focus on the short-range repulsion, which pro-
duces an exchange field that dramatically alters the be-
havior in the presence of an external Zeeman magnetic
field/finite magnetization.
The fractionalization of triplet excitations into pairs

of spinons is a fundamental aspect of a quantum spin
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tiplier Ai0, which takes the role of the time-component of
a gauge field, i.e. scalar potential. Microscopic exchange
interactions, which are quadratic in spins, and are there-
fore quartic in fermions, are decoupled to introduce new
link fields whose phases act as the spatial components of
the corresponding gauge fields A, i.e. the vector poten-
tial.

To describe the universal low energy physics, it is ap-
propriate to consider “coarse-grained” fields  

↵
, 

†
↵
de-

scending from the microscopic ones, and include the
symmetry-allowed Maxwell terms for the U(1) gauge
field. Furthermore, due to the finite density of states
at the spinon Fermi surface, the longitudinal scalar po-
tential is screened and the time component A0 can then
be integrated out to mediate a short-range repulsive in-
teraction u between like charges. Therefore we consider
the Euclidean action S = S + SA + Su, where [22–24]
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Here x = (⌧,x) is the space-time coordinate, q = (!n, q)
is the three-momentum,  ↵ is a two-component spinor,
with spin indices ↵,� =", # that are suppressed when
possible, !B describes static magnetic field B = Bẑ

and includes the g-factor as well as the Bohr magneton.
The gauge dynamics is derived in the Coulomb gauge
r·A = 0 withA(q) = iẑ⇥q̂A(q). The gauge action SA is
generated by spinons and � = 2n̄/kF and � = 1/(24⇡m)
represent Landau damping and diamagnetic susceptibil-
ity of non-interacting spinon gas, correspondingly (m is
the spinon mass, n̄ is the spinon density and kF is the
Fermi momentum of non-magnetized system).

We proceed with the assumption of SU(2) symmetry,
a good first approximation for many spin liquid materi-
als, and address the e↵ect of its violations in the latter
part of the paper. Previous investigations focused on the
transverse vector potential A, which is not screened but
Landau damped, and hence induces exotic non-Fermi-
liquid physics. For example, one finds a self-energy vary-
ing with frequency as !2/3, and a singular contribution
to the specific heat cv ⇠ T

2/3 [22, 23]. However, notably,
the transverse gauge field has negligible e↵ects on the
hydrodynamic long-wavelength collective response [24].
Here, we instead focus on the short-range repulsion u,
which produces an exchange field that dramatically al-
ters the behavior in the presence of an external Zeeman
magnetic field giving rise to finite magnetization. Gauge
fluctuations play a subsidiary role which we also include.

An important constraint follows purely from symme-
try. Provided the Hamiltonian in zero magnetic field has
SU(2) symmetry, a Zeeman magnetic field leads to a fully

determined structure factor at zero momentum. Specif-
ically, the Larmor/Kohn theorem [25] dictates that the
only response at q = 0, X

00
±

= 2M�(! � 2!B), sign!
where M = (n̄" � n̄#)/2 is the magnetization and !B is
the spinon Zeeman energy. For free fermions, the delta
function is precisely at the corner of the spinon particle-
hole continuum (also known as the two-spinon contin-
uum). However, the contact exchange interaction shifts
up the particle-hole continuum, at small momentum q,
away from the Zeeman energy 2!B to 2!B + 2uM . This
is seen by the trivial Hartree self-energy

⌃� =

��

= un̄�� = �uM� + un̄/2, (3)

where we use a zig-zag line to diagrammatically repre-
sent the local u interaction, � ="= 1 and � =#= �1,
and n̄� is the expectation value of spin-� spinon density
in the presence of magnetic field. Consequently, for the
Larmor theorem to be obeyed, there must be a collective

transverse spin mode at small momenta.

This collective spin mode is most conveniently de-
scribed by the Random Phase Approximation (RPA),
which corresponds to a standard resummation of particle-
hole ladder diagrams [26]. For the particular case of a
momentum-independent contact interaction, one has

X±(q, i!n) =

"

#
+

"

#
+

"

#
+ · · ·

=
�±(q, i!n)

1 + u�±(q, i!n)
, (4)

where the fermion lines correspond to the spinon Green’s
functions including the Hartree shift (3), and in this ap-
proximation �±(q, i!n) = �

0
±
(q, i!n) is the bare suscep-

tibility bubble, calculated using these functions. We will
however use the second line in Eq. (4) to later define the
RPA approximation even when gauge field corrections
(but not the local interaction u) are included in �±. For
the moment, we simply evaluate the bare susceptibility,

�
0
±
(q, i!n) =

1

�V

X

kn,k

1

ikn � ✏k + !B � un̄#

⇥
1

ikn + i!n � ✏k+q � !B � un̄"

. (5)

Here !n, kn are bosonic and fermionic Matsubara fre-
quencies, respectively. A simple calculation, followed by
analytical continuation i!n ! ! + i0, gives

<�
0
±
(q,!) =

2Msign(! � 2!B � 2uM)p
(! � 2!B � 2uM)2 � v

2
F
q2

,

=�
0
±
(q,!) =

�2Mp
v
2
F
q2 � (! � 2!B � 2uM)2

, (6)

(= Hartree self-energy)
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outside the particle-hole continuum, leaving it with no
decay channel. However, in the U(1) spin liquid, there
is an additional branch of low energy excitations due to
the gauge field, dispersing as ! ⇠ k3. The very flat dis-
persion of the gauge excitations suggests it may act as a
momentum sink, so that, for example, an excitation con-
sisting of a particle-hole pair plus a gauge quantum may
exist in the “forbidden” region where the bare particle-
hole continuum vanishes and the spin wave mode lives. It
is therefore critical to understand the e↵ect of the gauge
interactions upon the dynamical susceptibility.

To this end, we consider the dressing of the particle-
hole bubble �0 by gauge propagators. Guided by the
above thinking, we expect that it is su�cient to consider
all diagrams with a single gauge propagator. This in-
volves two diagrams with self-energy contributions, and
a third which constitutes a vertex renormalization (see
Fig. 3). In the following, we denote this dressed by gauge
field fluctuations correction to the transverse susceptibil-
ity as �1

±(q,!). As shown by Kim et al. [13] for similar
diagrams for the density correlations and optical conduc-
tivity, there are important cancellations between self en-
ergy and vertex corrections, which are needed to obtain
the proper long wavelength behavior of �1. We find

�1
±(q, i!n) = �c̃

⌫0vF �1/3

�4/3

!7/3
n (vF q)2(i!n � 2!B � uM)

[(i!n � 2!B � uM)2 � v2F q
2]5/2

(9)
Therefore, indeed, the dressed bubble has a non-zero
imaginary part =�1

± in the previously kinematically for-
bidden region below the particle-hole continuum. This
is a new continuum weight. However, the weight in
this new continuum contribution vanishes quadratically
in momentum as q = 0 is approached. This is an im-
portant check on the calculations, since the Larmor the-
orem still applies to the full theory with the gauge field,
which implies that precisely at zero momentum, there
can be no new contributions. The frequency dependence
is, however, non-trivial. What are the implications for
the spin collective mode? We evaluate this by using the
RPA formula of Eq. (3), but replacing �0

± by �0
± + �1

±,
the susceptibility dressed by gauge fluctuations. With
this approximation, we see that the q2 dependence of
=�̃1

±(q,! ⇡ 2!B) / (2!B)7/3v2F q
2/(uM)4 is su�cient

to ensure that the width (in energy) of the collective
spin mode becomes narrow compared to its frequency at
small momentum: this is the standard criteria for sharp-
ness and observability of a collective excitation. The fi-
nal result for the dynamical susceptibility is summarized
in Fig. ??. Away from the zero momentum axis there
is always non-zero continuum weight, which is the sum
of several distinct contributions. Inside this continuum,
the spin collective mode appears as a resonance which is
asymptotically sharp at small momentum.

The above results apply to the case in which SU(2) spin
rotation symmetry is broken only by the applied Zeeman
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FIG. 1. Dyson equation for the spinon Green’s function.
Thick (thin) line denotes renormalized (bare) Green’s func-
tion with spin � =", #. Zigzag (magenta) lines denote lo-
cal repulsion u. The tadpole diagram represents self-energy
⌃� = un̄��.
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FIG. 2. Ladder series for the transverse susceptibility. Zigzag
(magenta) lines denote local repulsion u. The bare bubble
diagram is �0

±. Open circle denotes spin-flipping vertex.

field. Breaking of the SU(2) invariance by anisotropies in-
validates the Larmor theorem and causes a shift and more
importantly a broadening of the spin collective mode even
at zero momentum. This is of particular importance for
electron spin resonance, which has high energy resolu-
tion but measures directly at zero momentum only. The
way in which the resonance is broadened depends in de-
tail on the nature of the anisotropy, the orientation of
the applied magnetic field, etc., so it is not possible to
give a single general result. Instead, we provide one (or
two?) example(s) of this physics. In particular we con-
sider the influence of a Dzyaloshinskii-Moriya interaction
in the spin system, which is typically the dominant form
of anisotropy for weakly spin-orbit coupled systems, pro-
vided it is symmetry allowed by the lattice.
OS: we may also use figure 4 below.
Go back and recapitulate our earlier calcula-

tions. DM manifests as a Rashba-like term for

the spinons. We obtain a complete scaling func-

tion in a certain limit...

Can we include some simplistic discussion for

XXZ exchange anisotropy?

Physical implications – need ESR and inelastic neu-
tron scattering at small q and finite magnetic field. Has
been recently done in YbMgGaO4 - no separate from PH
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FIG. 3. Leading gauge field corrections �1
± to the suscepti-

bility. Wavy (blue) lines denote gauge field propagator.
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liquid. This is expected to give rise to two-particle con-
tinuum contributions to the dynamical structure factor,
which appear more characteristic of a weakly correlated
metal than a strongly correlated Mott insulator. When
treated as non-interacting fermions, this continuum has
a characteristic shape at small frequency and wavevector
in the presence of an applied Zeeman magnetic field, as
discussed in [14]. In particular, there is non-zero spec-
tral weight in a wedge-shaped region which terminates
at a single point along the energy axis at zero momen-
tum. The purpose of the present work is to determine
the modification of this spectrum by spinon interactions
and gauge fluctuations.

An important constraint follows purely from symme-
try. Provided the Hamiltonian in zero magnetic field has
SU(2) symmetry, a Zeeman magnetic field leads to a fully
determined structure factor at zero momentum. Specif-
ically, the Larmor/Kohn theorem [15] dictates that the
only response at q = 0, �00

? ⇠ M�(!� 2!B), where M is
the magnetization and !B is the spinon Zeeman energy.
For free fermions, the delta function is precisely at the
corner of the spinon particle-hole continuum (also known
as the two-spinon continuum). However, the contact ex-
change interaction shifts up the particle-hole continuum,
at small momentum q, away from the Zeeman energy
2!B to 2!B + uM . This is seen by the trivial Hartree
self-energy ⌃" = un̄#, ⌃# = un̄", where n̄� is the expec-
tation value of spin-� spinon density in the presence of
magnetic field, see Fig. 1. Consequently, for the Larmor
theorem to be obeyed, there must be a collective trans-

verse spin mode at small momenta.

Indeed, this physics is not unique to spin liquids but
applies to paramagnetic metals. Historically, the Silin
spin wave mode was predicted for non-ferromagnetic met-
als by Silin in 1958 within Landau Fermi liquid theory
[16–19], and observed via conduction electron spin res-
onance (CESR) in 1967 [20]. Detailed theory, derived
within Landau Fermi-liquid framework [21] (k-dependent
g-factor [22]), is analogous to the more well-known zero
sound, albeit in the spin rather than density channel.
Unlike zero sound, an external magnetic field is required
in order to shift the particle-hole continuum up along
the energy axis to allow for the undamped collective spin
wave to appear in the triangle-shaped window below it.
The spin wave mode is most conveniently described by
the Random Phase Approximation (RPA), which corre-
sponds to a standard resummation of particle-hole lad-
der diagrams. For the particular case of a momentum-
independent contact interaction, one has (see Fig. 2)

�(q, i!n) =
�0(q, i!n)

1 + u�0(q, i!n)
, (3)

where �0(q, i!n) is the bare susceptibility bubble, cal-
culated using the spinon Green’s functions including the

Hartree shift. For the susceptibility transverse to the field

�0
±(q, i!n) =

1

�V

X

kn,k

1

ikn � ✏k + !B � gn̄#

⇥ 1

ikn + i!n � ✏k+q � !B � gn̄"
. (4)

Here !n, kn are bosonic and fermionic Matsubara fre-
quencies, respectively. Simple calculation, followed by
the analytical continuation i!n ! ! + i0, gives

<�0
±(q,!) =

Msign(! � 2!B � uM)p
(! � 2!B � uM)2 � v2F q

2
,

=�0
±(q,!) =

�Mp
v2F q

2 � (! � 2!B � uM)2
, (5)

where M = n̄" � n̄# is (twice) the magnetization, and
square-roots are defined when their arguments are posi-
tive. The real/imaginary spin susceptibility describes do-
mains outside/inside two-spinon continuum in the (q,!)
plane, correspondingly. At q = 0

�0
±(q = 0,!) =

M

! � 2!B � uM + i0
, (6)

and therefore =�0
±(q = 0,!) ⇠ �(! � 2!B � uM): the

position of the two-spinon continuum renormalized by
the interaction shift. However, inserting (6) in the RPA
formula (3) one finds that the RPA successfully recovers
Larmor theorem at zero momentum for the interacting
SU(2)-invariant system,

�±(q = 0, i!n) =
M

! � 2!B + i0
. (7)

Therefore the contribution at q = 0 is solely from the
collective mode, with no spectral weight from the contin-
uum at 2!B+uM . Dispersion of the collective spin mode
is obtained with the help of (5) and =� = =�0/[(1 +
u<�0)2 + (u=�0)2],

!swave(q) = 2!B + uM �
q

u2M2 + v2F q
2. (8)

For small q ⌧ uM/vF the collective mode is dispersing
downward quadratically ! ⇡ 2!B�(vF q)2/(2uM), while
in the opposite limit q � uM/vF it approaches the low
boundary of the two-spinon continuum, ! ⇡ 2!B+uM�
vF q. Retaining quadratic in q terms in (4) will lead to
the termination of the collective mode at some qmax at
which the spin wave enters the two-spinon continuum.

The above discussion is identical to that for a conven-
tional Fermi liquid, and indeed the observation [20] of
the Silin mode in 1967, which occurred soon after the
detection of the zero sound in He3 [23], was considered
to be one of the first proofs of the validity of the Landau
theory of Fermi-liquids [24]. In the Fermi liquid case,
the sharpness of the mode is established by its falling

RPA

EZ/vF

EZ

q

E

0

EZ+um
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outside the particle-hole continuum, leaving it with no
decay channel. However, in the U(1) spin liquid, there
is an additional branch of low energy excitations due to
the gauge field, dispersing as ! ⇠ k3. The very flat dis-
persion of the gauge excitations suggests it may act as a
momentum sink, so that, for example, an excitation con-
sisting of a particle-hole pair plus a gauge quantum may
exist in the “forbidden” region where the bare particle-
hole continuum vanishes and the spin wave mode lives. It
is therefore critical to understand the e↵ect of the gauge
interactions upon the dynamical susceptibility.

To this end, we consider the dressing of the particle-
hole bubble �0 by gauge propagators. Guided by the
above thinking, we expect that it is su�cient to consider
all diagrams with a single gauge propagator. This in-
volves two diagrams with self-energy contributions, and
a third which constitutes a vertex renormalization (see
Fig. 3). In the following, we denote this dressed by gauge
field fluctuations correction to the transverse susceptibil-
ity as �1

±(q,!). As shown by Kim et al. [13] for similar
diagrams for the density correlations and optical conduc-
tivity, there are important cancellations between self en-
ergy and vertex corrections, which are needed to obtain
the proper long wavelength behavior of �1. We find

�1
±(q, i!n) = �c̃

⌫0vF �1/3

�4/3

!7/3
n (vF q)2(i!n � 2!B � uM)

[(i!n � 2!B � uM)2 � v2F q
2]5/2

(9)
Therefore, indeed, the dressed bubble has a non-zero
imaginary part =�1

± in the previously kinematically for-
bidden region below the particle-hole continuum. This
is a new continuum weight. However, the weight in
this new continuum contribution vanishes quadratically
in momentum as q = 0 is approached. This is an im-
portant check on the calculations, since the Larmor the-
orem still applies to the full theory with the gauge field,
which implies that precisely at zero momentum, there
can be no new contributions. The frequency dependence
is, however, non-trivial. What are the implications for
the spin collective mode? We evaluate this by using the
RPA formula of Eq. (3), but replacing �0

± by �0
± + �1

±,
the susceptibility dressed by gauge fluctuations. With
this approximation, we see that the q2 dependence of
=�̃1

±(q,! ⇡ 2!B) / (2!B)7/3v2F q
2/(uM)4 is su�cient

to ensure that the width (in energy) of the collective
spin mode becomes narrow compared to its frequency at
small momentum: this is the standard criteria for sharp-
ness and observability of a collective excitation. The fi-
nal result for the dynamical susceptibility is summarized
in Fig. ??. Away from the zero momentum axis there
is always non-zero continuum weight, which is the sum
of several distinct contributions. Inside this continuum,
the spin collective mode appears as a resonance which is
asymptotically sharp at small momentum.

The above results apply to the case in which SU(2) spin
rotation symmetry is broken only by the applied Zeeman
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FIG. 1. Dyson equation for the spinon Green’s function.
Thick (thin) line denotes renormalized (bare) Green’s func-
tion with spin � =", #. Zigzag (magenta) lines denote lo-
cal repulsion u. The tadpole diagram represents self-energy
⌃� = un̄��.
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FIG. 2. Ladder series for the transverse susceptibility. Zigzag
(magenta) lines denote local repulsion u. The bare bubble
diagram is �0

±. Open circle denotes spin-flipping vertex.

field. Breaking of the SU(2) invariance by anisotropies in-
validates the Larmor theorem and causes a shift and more
importantly a broadening of the spin collective mode even
at zero momentum. This is of particular importance for
electron spin resonance, which has high energy resolu-
tion but measures directly at zero momentum only. The
way in which the resonance is broadened depends in de-
tail on the nature of the anisotropy, the orientation of
the applied magnetic field, etc., so it is not possible to
give a single general result. Instead, we provide one (or
two?) example(s) of this physics. In particular we con-
sider the influence of a Dzyaloshinskii-Moriya interaction
in the spin system, which is typically the dominant form
of anisotropy for weakly spin-orbit coupled systems, pro-
vided it is symmetry allowed by the lattice.
OS: we may also use figure 4 below.
Go back and recapitulate our earlier calcula-

tions. DM manifests as a Rashba-like term for

the spinons. We obtain a complete scaling func-

tion in a certain limit...

Can we include some simplistic discussion for

XXZ exchange anisotropy?

Physical implications – need ESR and inelastic neu-
tron scattering at small q and finite magnetic field. Has
been recently done in YbMgGaO4 - no separate from PH

+ +Eq.(9)=

"

#

"

#

"

#
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± to the suscepti-

bility. Wavy (blue) lines denote gauge field propagator.
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liquid. This is expected to give rise to two-particle con-
tinuum contributions to the dynamical structure factor,
which appear more characteristic of a weakly correlated
metal than a strongly correlated Mott insulator. When
treated as non-interacting fermions, this continuum has
a characteristic shape at small frequency and wavevector
in the presence of an applied Zeeman magnetic field, as
discussed in [14]. In particular, there is non-zero spec-
tral weight in a wedge-shaped region which terminates
at a single point along the energy axis at zero momen-
tum. The purpose of the present work is to determine
the modification of this spectrum by spinon interactions
and gauge fluctuations.

An important constraint follows purely from symme-
try. Provided the Hamiltonian in zero magnetic field has
SU(2) symmetry, a Zeeman magnetic field leads to a fully
determined structure factor at zero momentum. Specif-
ically, the Larmor/Kohn theorem [15] dictates that the
only response at q = 0, �00

? ⇠ M�(!� 2!B), where M is
the magnetization and !B is the spinon Zeeman energy.
For free fermions, the delta function is precisely at the
corner of the spinon particle-hole continuum (also known
as the two-spinon continuum). However, the contact ex-
change interaction shifts up the particle-hole continuum,
at small momentum q, away from the Zeeman energy
2!B to 2!B + uM . This is seen by the trivial Hartree
self-energy ⌃" = un̄#, ⌃# = un̄", where n̄� is the expec-
tation value of spin-� spinon density in the presence of
magnetic field, see Fig. 1. Consequently, for the Larmor
theorem to be obeyed, there must be a collective trans-

verse spin mode at small momenta.

Indeed, this physics is not unique to spin liquids but
applies to paramagnetic metals. Historically, the Silin
spin wave mode was predicted for non-ferromagnetic met-
als by Silin in 1958 within Landau Fermi liquid theory
[16–19], and observed via conduction electron spin res-
onance (CESR) in 1967 [20]. Detailed theory, derived
within Landau Fermi-liquid framework [21] (k-dependent
g-factor [22]), is analogous to the more well-known zero
sound, albeit in the spin rather than density channel.
Unlike zero sound, an external magnetic field is required
in order to shift the particle-hole continuum up along
the energy axis to allow for the undamped collective spin
wave to appear in the triangle-shaped window below it.
The spin wave mode is most conveniently described by
the Random Phase Approximation (RPA), which corre-
sponds to a standard resummation of particle-hole lad-
der diagrams. For the particular case of a momentum-
independent contact interaction, one has (see Fig. 2)

�(q, i!n) =
�0(q, i!n)

1 + u�0(q, i!n)
, (3)

where �0(q, i!n) is the bare susceptibility bubble, cal-
culated using the spinon Green’s functions including the

Hartree shift. For the susceptibility transverse to the field

�0
±(q, i!n) =

1

�V

X

kn,k

1

ikn � ✏k + !B � gn̄#

⇥ 1

ikn + i!n � ✏k+q � !B � gn̄"
. (4)

Here !n, kn are bosonic and fermionic Matsubara fre-
quencies, respectively. Simple calculation, followed by
the analytical continuation i!n ! ! + i0, gives

<�0
±(q,!) =

Msign(! � 2!B � uM)p
(! � 2!B � uM)2 � v2F q

2
,

=�0
±(q,!) =

�Mp
v2F q

2 � (! � 2!B � uM)2
, (5)

where M = n̄" � n̄# is (twice) the magnetization, and
square-roots are defined when their arguments are posi-
tive. The real/imaginary spin susceptibility describes do-
mains outside/inside two-spinon continuum in the (q,!)
plane, correspondingly. At q = 0

�0
±(q = 0,!) =

M

! � 2!B � uM + i0
, (6)

and therefore =�0
±(q = 0,!) ⇠ �(! � 2!B � uM): the

position of the two-spinon continuum renormalized by
the interaction shift. However, inserting (6) in the RPA
formula (3) one finds that the RPA successfully recovers
Larmor theorem at zero momentum for the interacting
SU(2)-invariant system,

�±(q = 0, i!n) =
M

! � 2!B + i0
. (7)

Therefore the contribution at q = 0 is solely from the
collective mode, with no spectral weight from the contin-
uum at 2!B+uM . Dispersion of the collective spin mode
is obtained with the help of (5) and =� = =�0/[(1 +
u<�0)2 + (u=�0)2],

!swave(q) = 2!B + uM �
q

u2M2 + v2F q
2. (8)

For small q ⌧ uM/vF the collective mode is dispersing
downward quadratically ! ⇡ 2!B�(vF q)2/(2uM), while
in the opposite limit q � uM/vF it approaches the low
boundary of the two-spinon continuum, ! ⇡ 2!B+uM�
vF q. Retaining quadratic in q terms in (4) will lead to
the termination of the collective mode at some qmax at
which the spin wave enters the two-spinon continuum.

The above discussion is identical to that for a conven-
tional Fermi liquid, and indeed the observation [20] of
the Silin mode in 1967, which occurred soon after the
detection of the zero sound in He3 [23], was considered
to be one of the first proofs of the validity of the Landau
theory of Fermi-liquids [24]. In the Fermi liquid case,
the sharpness of the mode is established by its falling

RPA

pole: collective mode

! = EZ + um�
q

u2m2 + v2F q
2
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3-particle process:
E = Ep/h(q � k) + Ephoton(k)
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Does this smear out all the Fermi liquid structure?

Simple picture:
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outside the particle-hole continuum, leaving it with no
decay channel. However, in the U(1) spin liquid, there
is an additional branch of low energy excitations due to
the gauge field, dispersing as ! ⇠ k3. The very flat dis-
persion of the gauge excitations suggests it may act as a
momentum sink, so that, for example, an excitation con-
sisting of a particle-hole pair plus a gauge quantum may
exist in the “forbidden” region where the bare particle-
hole continuum vanishes and the spin wave mode lives. It
is therefore critical to understand the e↵ect of the gauge
interactions upon the dynamical susceptibility.

To this end, we consider the dressing of the particle-
hole bubble �0 by gauge propagators. Guided by the
above thinking, we expect that it is su�cient to consider
all diagrams with a single gauge propagator. This in-
volves two diagrams with self-energy contributions, and
a third which constitutes a vertex renormalization (see
Fig. 3). In the following, we denote this dressed by gauge
field fluctuations correction to the transverse susceptibil-
ity as �1

±(q,!). As shown by Kim et al. [13] for similar
diagrams for the density correlations and optical conduc-
tivity, there are important cancellations between self en-
ergy and vertex corrections, which are needed to obtain
the proper long wavelength behavior of �1. We find

�1
±(q, i!n) = �c̃

⌫0vF �1/3

�4/3

!7/3
n (vF q)2(i!n � 2!B � uM)

[(i!n � 2!B � uM)2 � v2F q
2]5/2

(9)
Therefore, indeed, the dressed bubble has a non-zero
imaginary part =�1

± in the previously kinematically for-
bidden region below the particle-hole continuum. This
is a new continuum weight. However, the weight in
this new continuum contribution vanishes quadratically
in momentum as q = 0 is approached. This is an im-
portant check on the calculations, since the Larmor the-
orem still applies to the full theory with the gauge field,
which implies that precisely at zero momentum, there
can be no new contributions. The frequency dependence
is, however, non-trivial. What are the implications for
the spin collective mode? We evaluate this by using the
RPA formula of Eq. (3), but replacing �0

± by �0
± + �1

±,
the susceptibility dressed by gauge fluctuations. With
this approximation, we see that the q2 dependence of
=�̃1

±(q,! ⇡ 2!B) / (2!B)7/3v2F q
2/(uM)4 is su�cient

to ensure that the width (in energy) of the collective
spin mode becomes narrow compared to its frequency at
small momentum: this is the standard criteria for sharp-
ness and observability of a collective excitation. The fi-
nal result for the dynamical susceptibility is summarized
in Fig. ??. Away from the zero momentum axis there
is always non-zero continuum weight, which is the sum
of several distinct contributions. Inside this continuum,
the spin collective mode appears as a resonance which is
asymptotically sharp at small momentum.

The above results apply to the case in which SU(2) spin
rotation symmetry is broken only by the applied Zeeman

=
� �

+
� �

��

FIG. 1. Dyson equation for the spinon Green’s function.
Thick (thin) line denotes renormalized (bare) Green’s func-
tion with spin � =", #. Zigzag (magenta) lines denote lo-
cal repulsion u. The tadpole diagram represents self-energy
⌃� = un̄��.

+ + +...Eq.(3)=

"

#

"

#

"

#

FIG. 2. Ladder series for the transverse susceptibility. Zigzag
(magenta) lines denote local repulsion u. The bare bubble
diagram is �0

±. Open circle denotes spin-flipping vertex.

field. Breaking of the SU(2) invariance by anisotropies in-
validates the Larmor theorem and causes a shift and more
importantly a broadening of the spin collective mode even
at zero momentum. This is of particular importance for
electron spin resonance, which has high energy resolu-
tion but measures directly at zero momentum only. The
way in which the resonance is broadened depends in de-
tail on the nature of the anisotropy, the orientation of
the applied magnetic field, etc., so it is not possible to
give a single general result. Instead, we provide one (or
two?) example(s) of this physics. In particular we con-
sider the influence of a Dzyaloshinskii-Moriya interaction
in the spin system, which is typically the dominant form
of anisotropy for weakly spin-orbit coupled systems, pro-
vided it is symmetry allowed by the lattice.
OS: we may also use figure 4 below.
Go back and recapitulate our earlier calcula-

tions. DM manifests as a Rashba-like term for

the spinons. We obtain a complete scaling func-

tion in a certain limit...

Can we include some simplistic discussion for

XXZ exchange anisotropy?

Physical implications – need ESR and inelastic neu-
tron scattering at small q and finite magnetic field. Has
been recently done in YbMgGaO4 - no separate from PH

+ +Eq.(9)=

"

#

"

#

"

#

FIG. 3. Leading gauge field corrections �1
± to the suscepti-

bility. Wavy (blue) lines denote gauge field propagator.

Actual calculation:

4

FIG. 4. Magnetic excitation spectrum of an interacting U(1)
spin liquid with spinon Fermi surface.

continuum excitations seen. Why?!
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Supplementary Material

Gauge field corrections to the bubble

In the main text, we show that coupling to the gauge field induces spectral weight outside the region of the particle-
hole continuum of the free fermion theory. On physical grounds, this is expected because in addition to the fermionic
“quasiparticles” (we use quotes because they are not gauge invariant and have a non-Fermi liquid self-energy) the
system possesses collective gauge excitations with a very soft dispersion relation ! ⇠ k3. By creating a particle-hole
pair and a photon, one may shunt enough of the total momentum of the excitation in to the photon to bring the
remainder into the kinematically allowed region for particle-hole pairs, and because the energy of the photon is so
small, this should be possible at just about any energy. With this picture in mind, we seek contributions to the
dynamical spin structure factor with a single gauge field propagator, because “cutting” this line corresponds to a
single excited photon excitation. With a single gauge propagator, there are three diagrams, as shown in Fig. ??. In
the first and second contributions, ⇧1(q,!n) and ⇧2(q,!n), the gauge line does not cross the particle-hole bubble,
so the gauge field acts here as a self-energy correction to one of the two fermion lines. In the third diagram, the
gauge line crosses the bubble, so this is not a self-energy term but instead a vertex correction. Care must be taken to
combine all three terms because, as shown by Kim et al[13], there are important cancellations between them which
are required to maintain gauge invariance and avoid unphysical results at low frequency and momentum.

Extends

Im�± ⇠ q2!7/3
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Supplemental Materials for “Spinon waves in magnetized spin liquids”
Leon Balents and Oleg A. Starykh

GAUGE FIELD CORRECTIONS TO THE TRANSVERSE SPIN SUSCEPTIBILITY

In the main text, we show that coupling to the gauge field induces spectral weight outside the region of the particle-
hole continuum of the free fermion theory. On physical grounds, this is expected because in addition to the fermionic
“quasiparticles” (we use quotes because they are not gauge invariant and have a non-Fermi liquid self-energy) the
system possesses collective gauge excitations with a very soft dispersion relation ! ⇠ k

3. By creating a particle-hole
pair and a photon, one may shunt enough of the total momentum of the excitation in to the photon to bring the
remainder into the kinematically allowed region for particle-hole pairs, and because the energy of the photon is so
small, this should be possible at just about any energy. With this picture in mind, we seek contributions to the
dynamical spin structure factor with a single gauge field propagator, because “cutting” this line corresponds to a
single excited photon excitation. With a single gauge propagator, there are three diagrams, as shown in Eq.(10). In
the first and second contributions, �1

1(q,!n) and �
1
2(q,!n), the gauge line does not cross the particle-hole bubble, so

the gauge field acts here as a self-energy correction to one of the two fermion lines. In the third diagram, the gauge
line crosses the bubble, which represents a vertex correction. Care must be taken to combine all three terms because,
as shown by Kim et al.[24], there are important cancellations between them which are required to maintain gauge
invariance and avoid unphysical results at low frequency and momentum.

The formal expressions for these three contributions are

�
1
1(q,!n) =

Z
(dk)(dp)G2

"(k, kn)G"(k + p, kn + pn)G#(k + q, kn + !n)
2kµ + pµ

2m

2k⌫ + p⌫

2m
Dµ⌫(p, pn),

�
1
2(q,!n) =

Z
(dk)(dp)G"(k, kn)G

2
#(k + q, kn + !n)G#(k + p+ q, kn + pn + !n)

⇥
2kµ + 2qµ + pµ

2m

2k⌫ + 2q⌫ + p⌫

2m
Dµ⌫(p, pn),

�
1
3(q,!n) =

Z
(dk)(dp)G"(k, kn)G"(k + p, kn + pn)G#(k + q, kn + !n)G#(k + p+ q, kn + pn + !n)

⇥
2kµ + pµ

2m

2k⌫ + 2q⌫ + p⌫

2m
Dµ⌫(p, pn), (S1)

where we introduced bold face for spatial vectors, kn and pn as Matsubara frequencies, and the notation (dk) =
d
2kdkn/(2⇡)3. The gauge propagator is

Dµ⌫(p, pn) =

✓
�µ⌫ �

pµp⌫

p2

◆
D(p, pn), (S2)

with

D(p, pn) =
1

�|pn|/p+ �p2
. (S3)

Here in a strict 1/N expansion the � coe�cient, which reflects Landau damping, itself originates from a fermion
bubble. We will treat it however as just a bare kinetic term for the gauge field, following numerous previous works.

Consider the first two diagrams. In their expressions, the integral over p defines the self-energy ⌃, and these terms
can be rewritten in terms of ⌃. Specifically,

�
1
1(q,!n) =

Z
(dk)⌃"(k, kn)G

2
"(k, kn)G#(k + q, kn + !n),

�
1
2(q,!n) =

Z
(dk)⌃#(k + q, kn + !n)G"(k, kn)G

2
#(k + q, kn + !n), (S4)
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where the self-energy is

⌃↵(k, kn) =

Z
(dp)G↵(k + p, kn + pn)

2kµ + pµ

2m

2k⌫ + p⌫

2m
Dµ⌫(p, pn)

=

Z
(dp)

✓
k ⇥ p̂

m

◆2

D(p, pn)G↵(k + p, kn + pn). (S5)

The self-energy is a standard calculation in the spinon gauge theory. Writing the Green’s function explicitly, we have

⌃↵(k, kn) =

Z
(dp)

✓
k ⇥ p̂

m

◆2
D(p, pn)

ikn + ipn � ✏k+p,↵
, (S6)

with

✏k,↵ = ⇠k � ↵!B + Un�↵, (S7)

with ↵ ="= +1 and ↵ =#= �1, and ⇠k = (k2 � k
2
F )/2m. Owing to the singular nature of the gauge propagator, the

integral for the self-energy is dominated by small p. Choosing coordinates p = k̂pk + ẑ ⇥ k̂p?, we have

✏k+p,↵ ⇡ ✏k,↵ + vF pk +
p
2
?

2m
. (S8)

Here ✏k,↵ includes a spin-dependent Zeeman shift and a Hartree correction, which are both constant. From this form
we expect the scaling pk ⇠ p

2
? ⌧ p?, which means that p is approximately normal to k. This means we can replace

p by p? inside the gauge propagator, and that |k ⇥ p̂|2 = k
2
p
2
? ⇡ k

2
⇡ k

2
F , for momentum k near the Fermi surface.

Consequently, we have

⌃↵(k, kn) ⇡
k
2
F

m2

Z
dpn

2⇡

dp?

2⇡

dpk

2⇡

✓
|p?|

�|pn|+ �|p?|
3

◆
1

ikn + ipn � ✏k,↵ � p
2
?/2m� vF pk

. (S9)

The integral over pk can be done immediately – there is a small subtlety in the real part of the integral is conditionally
convergent and dependent upon the cuto↵, but this is anyway absorbed in a simple Fermi energy shift and can be set
to zero. The imaginary part is well-defined and we obtain

⌃↵(k, kn) =
�ik

2
F

2m2vF

Z
dpn

2⇡

dp?

2⇡

|p?|sign(kn + pn)

�|pn|+ �|p?|
3

. (S10)

Note that the dependence on momentum k has dropped out, so the self-energy is purely frequency dependent –
what is called a “local” self-energy. The actual function can be calculated by performing the pn integration first:
the regions at large positive and negative frequency cancel one another and the full result is just obtained from the
integral between �|kn| and |kn|. We find

⌃↵(k, kn) =
�ivF

2⇡�
sign(kn)

Z
dp?

2⇡
|p?| ln

�|kn|+ �|p?|
3

�|p?|
3

. (S11)

Then carrying out the p? integration gives finally

⌃↵(k, kn) =
�ivF

2
p
3⇡

sign(kn)|kn|2/3

�1/3�2/3
. (S12)

The 2/3 power law dependence on frequency of the self-energy is a famous result for the spinon Fermi surface. Now
we will rewrite Eqs. (S4) in a form more amenable to seeing the partial cancellations of the three diagrams. To do so,
we use the partial fractions rewriting

G
2
"(k, kn)G#(k + q, kn + !n) =

G"(k, kn) [G"(k, kn)�G#(k + q, kn + !m)]

i!n � ✏k+q,# + ✏k,"
, (S13)

G#(k + q, kn + !n)
2
G"(k, kn) =

G#(k + q, kn + !n) [G#(k + q, kn + !m)�G"(k, kn)]

�i!n + ✏k+q,# � ✏k,"
,

3

which is straightforward to show using of the explicit forms for the Green’s functions. Using these forms, we obtain
the sum of the two self-energy contributions as �1

12 = �
1
1 + �

1
2

�
1
12(q,!n) =

Z
(dk)

⌃#(k + q, kn + !n)� ⌃"(k, kn)

i!n + ✏k" � ✏k+q,#
G"(k, kn)G#(k + q, kn + !n)

+

Z
(dk)

⌃"(k, kn)G2
"(k, kn)� ⌃#(k + q, kn + !n)G2

#(k + q, kn + !n)

i!n + ✏k" � ✏k+q,#
. (S14)

We aim to massage the susceptibility corrections into a form which exposes the small q dependence more clearly
and makes physical interpretation easier. First we split (S14) into two distinct parts,

�
1
12 = �

1
12,A + �

1
12,B , (S15)

with

�
1
12,A(q,!n) =

Z
(dk)

⌃#(k + q, kn + !n)� ⌃"(k, kn)

i!n + ✏k" � ✏k+q,#
G"(k, kn)G#(k + q, kn + !n) (S16)

�
1
12,B(q,!n) =

Z
(dk)

⌃"(k, kn)G2
"(k, kn)� ⌃#(k + q, kn + !n)G2

#(k + q, kn + !n)

i!n + ✏k" � ✏k+q,#
. (S17)

We show below that �1,B
12 does not contribute to the imaginary part of the susceptibility and for a moment just neglect

it. Next we use the identity

G"(k)G#(k + q) =
G"(k)�G#(k + q)

i!n + ✏"(k)� ✏#(k + q)
(S18)

to write

�
1
12,A(q,!n) =

Z
(dk)

⌃#(k + q, kn + !n)� ⌃"(k, kn)

(i!n + ✏k" � ✏k+q,#)2
[G"(k)�G#(k + q)] . (S19)

Next we use the expression for the self-energy, (S5), and obtain

�
1
12,A(q,!n) =

1

m2

Z
(dk)(dp)

D(p, pn)

(i!n + ✏k" � ✏k+q,#)2

h
((k + q)⇥ p̂)2 G#(k + q + p)� (k ⇥ p̂)2 G"(k + p)

i
[G"(k)�G#(k + q)] .

(S20)

Similar manipulations of the vertex diagram give

�
1
3(q,!n) =

1

m2

Z
(dk)(dp)

D(p, pn)

(i!n + ✏k" � ✏k+q,#)(i!n + ✏k+p," � ✏k+p+q,#)
(k ⇥ p̂) · ((k + q)⇥ p̂)

⇥ [G"(k + p)�G#(k + q + p)] [G"(k)�G#(k + q)] . (S21)

IMAGINARY PART

Let us consider the imaginary part of the (real frequency) susceptibility outside the particle hole (PH) continuum.
This means that the explicit denominators in Eqs. (S20,S21) can be trivially analytically continued and considered
purely real. We will however have to do the pn and kn integrals.

Start with (S20) and observe that if the product of the two square brackets is multiplied out, two of the four
resulting terms, those involving the integral of G#(k + p + q)G#(k + q) and G"(k + p)G"(k), do not have imaginary
part outside the PH continuum simply because the integral over k gives a result which is !n-independent (in the first
of these we can make a shift k ! k � q and then integrate over k). That is, the only source of the imaginary part
in these contributions is provided by the denominator in 1/(i!n + ✏k" � ✏k+q,#) – and its imaginary part is restricted
to the non-interacting PH continuum. The same argument actually applies to �

1
12,B in (S17), one just needs to shift

k ! k � q in the 2nd term on the right hand side there.
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The two terms in �
1
12,A that contribute outside the PH continuum are therefore given by

�
1
12,A(q,!n) =

1

m2

Z
(dk)(dp)

D(p, pn)

(i!n + ✏k" � ✏k+q,#)2

h
((k + q)⇥ p̂)2 G#(k + q + p)G"(k) + (k ⇥ p̂)2 G"(k + p)G#(k + q)

i
.

(S22)

Since the gauge propagator (S3) is even in p = (p,pn), we can transform p ! �p, followed by k ! k + p, in the first
term in the square brackets above to obtain

�
1
12,A(q,!n) =

1

m2

Z
(dk)(dp)D(p, pn)


(k ⇥ p̂)2

(i!n + ✏k," � ✏k+q,#)2
+

((k + q)⇥ p̂)2

(i!n + ✏k+p," � ✏k+q+p,#)2

�
G"(k + p)G#(k + q).

(S23)

Now insert the spectral representation,

D(p, pn) =

Z
d⌫

d(p, ⌫)

ipn � ⌫
. (S24)

Here we want

D(p, pn) =
1

�|pn|/p+ �p2
. (S25)

In the usual way, we extract the spectral function via

d(p,!) = �
1

⇡
ImD(p, ipn ! ! + i0+) = �

1

⇡

�!p

�2!2 + �2p6
. (S26)

Eq.(S23) factorizes into

�
1
12,A(q,!n) =

1

m2

Z
(dk)(dp)


(k ⇥ p̂)2

(i!n + ✏k," � ✏k+q,#)2
+

((k + q)⇥ p̂)2

(i!n + ✏k+p," � ✏k+q+p,#)2

�
I12, (S27)

where

I12 =

Z
d⌫d(p, ⌫)

Z
dkndpn

(2⇡)2
1

ipn � ⌫

1

ikn + ipn � ✏k+p,"

1

ikn + i!n � ✏k+q,#
. (S28)

Carrying out the contour integrations we obtain

I12 = �

Z
d⌫

d(p, ⌫)

i!n + ✏k+p," � ✏k+q,# � ⌫
[✓(⌫)✓(�✏k+p,")✓(✏k+q,#) + ✓(�⌫)✓(✏k+p,")✓(�✏k+q,#)] . (S29)

Now we can analytically continue i!n ! ! + i0, with ! > 0, and obtain the imaginary part, which constraints
⌫ = ! + ✏k+p," � ✏k+q,# and collapses the ⌫-integration

ImI12 = ⇡d(p,! + ✏k+p," � ✏k+q,#)✓(✏k+q,#)✓(�✏k+p,")✓(! + ✏k+p," � ✏k+q,#) for ! > 0. (S30)

We observe that the second set of step-functions in (S29) is always zero for ! > 0.

Now consider the vertex part, Eq. (S21). Expanding the product in the second line, we seek terms that have some
!n = qn dependence. There are just two such parts

�
1
3(q,!n) = �

1

m2

Z
(dk)(dp)

D(p, pn)

(i!n + ✏k" � ✏k+q,#)(i!n + ✏k+p," � ✏k+p+q,#)
(k ⇥ p̂) · ((k + q)⇥ p̂)

⇥ [G"(k + p)G#(k + q) +G#(k + q + p)G"(k)] . (S31)

We again observe that the set of transformations p ! �p, followed by k ! k + p, make the 2nd term in the square
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brackets above equal to the 1st, so that

�
1
3(q,!n) = �

2

m2

Z
(dk)(dp)

(k ⇥ p̂) · ((k + q)⇥ p̂)

(i!n + ✏k" � ✏k+q,#)(i!n + ✏k+p," � ✏k+p+q,#)
D(p, pn)G"(k + p)G#(k + q). (S32)

Evidently it reduces to a form very similar to (S27). Namely,

�
1
3(q,!n) = �

2

m2

Z
(dk)(dp)

(k ⇥ p̂) · ((k + q)⇥ p̂)

(i!n + ✏k" � ✏k+q,#)(i!n + ✏k+p," � ✏k+p+q,#)
I12. (S33)

Therefore, the imaginary part of �1 = �
1
12 + �

1
3 is determined by the imaginary part of I12 (S30),

Im�
1(q,!) =

1

m2

Z
(dk)(dp)

h (k ⇥ p̂)2

(! + ✏k," � ✏k+q,#)2
+

((k + q)⇥ p̂)2

(! + ✏k+p," � ✏k+q+p,#)2

�
2(k ⇥ p̂) · ((k + q)⇥ p̂)

(! + ✏k" � ✏k+q,#)(! + ✏k+p," � ✏k+p+q,#)

i
ImI12. (S34)

At this point, we can see that the quantity in the square brackets in Eq. (S34) vanishes at q = 0. Hence we may
expect a quadratic dependence on q (although this quantity has linear terms in q, they vanish on integration or pair
o↵ with another linear part from I12).

Let us see how to make the integration explicit. We choose polar coordinates according to

q = (q, 0),

k = kF + �k = (kF + �k)(cos ✓, sin ✓),

p = pk + p? = pk(cos ✓, sin ✓) + p?(� sin ✓, cos ✓). (S35)

We assume �k, q, pk, p? ⌧ kF . The vector vertices in (S34) can be simplified as follows:

k ⇥ p̂ = ẑ(kxpy � kypx)/p = ẑ
kF + �k

p
[cos ✓(pk sin ✓ + p? cos ✓)� sin ✓(pk cos ✓ � p? sin ✓)] = ẑ

kF + �k

p
p?

⇡ ẑkF
p?

p
. (S36)

At this point we need to compare pk and p?. From ✏k+p � ✏k = vF pk +
p2
?

2m +
p2
k

2m we deduce that pk ⇠ p
2
?/(mvF ) =

p
2
?/kF ⌧ p?. Therefore

p2
k

2m can be neglected in comparison with the two first terms and, moreover, p =
q
p
2
? + p

2
k
⇡

p?. Hence (S36) reduces to just ẑkF .

At the same time we see that q ⇥ p̂ ⇡ ẑq sin ✓ ⌧ ẑkF . Therefore all vertices in (S34) can be safely approximated
by ẑkF . This strongly simplifies (S34),

Im�
1(q,!) =

k
2
F

m2

Z
(dk)(dp)

h 1

(! + ✏k," � ✏k+q,#)2
+

1

(! + ✏k+p," � ✏k+q+p,#)2
�

2

(! + ✏k" � ✏k+q,#)(! + ✏k+p," � ✏k+p+q,#)

i

⇥ ImI12 = v
2
F

Z
(dk)(dp)

h 1

! + ✏k," � ✏k+q,#
�

1

! + ✏k+p," � ✏k+q+p,#

i2
ImI12. (S37)

Next we observe that ✏k+p," + ✏k+q,# � ✏k," � ✏k+q+p,# = �2q · p ⇡ 2qp? sin ✓. This combination appears when
combining denominators in the squared factor in Eq. (S37), and explicitly demonstrates the q

2 dependence of the
result.

Next we can write

✏k+q,# ⇡ vF (�k + q cos ✓) + !̃B , (S38)

✏k+p," ⇡ vF (�k + pk) + p
2
?/(2m)� !̃B , (S39)

✏k+q+p,# ⇡ vF (�k + pk + q cos ✓) +
p
2
?

2m
�

p?q sin ✓

m
+ !̃B . (S40)
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The sign constraints on the energy in (S30) therefore are

✏k+q,# > 0 ! vF (�k + q cos ✓) + !̃B > 0, (S41)

✏k+p," < 0 ! vF (�k + pk) + p
2
?/(2m)� !̃B < 0,

The frequency argument of the photon spectral function is

⌫ = ! + ✏k+p," � ✏k+q,# = ! � 2!̃B � vF q cos ✓ + vF pk + p
2
?/(2m). (S42)

Eq.(S41) shows that ⌫ is bounded by ! from above, ⌫  !. At the same time ⌫ > 0. Let us use Eq. (S42) as a
definition to trade the pk integration for one over ⌫. We have dpk = d⌫/vF . In particular we see that

vF pk + p
2
?/(2m) = ⌫ + 2!̃B � ! + vF q cos ✓. (S43)

Introduce "

" = vF �k + vF q cos ✓ + !̃B , (S44)

so that d(�k) = d"/vF .

Hence the second line in Eq. (S41) becomes " < ! � ⌫ while the first line just reads " > 0. Hence we obtain

0 < " < ! � ⌫. (S45)

Now we can express all the energies in these variables.

✏k+q,# ⇡ ", (S46)

✏k+p," ⇡ ⌫ � ! + ", (S47)

✏k" ⇡ vF �k � !̃B ⇡ ✏� 2h� vF q cos ✓, (S48)

✏k+p+q,# ⇡ vF (�k + q cos ✓ + pk) + p
2
?/2m+ !̃B ⇡ "+ ⌫ � ! + 2!̃B + vF q cos ✓. (S49)

Putting everything together and using p ⇡ p? and (S26) for d(p?, ⌫), we obtain for (S37)

Im�
1(q,!) = 4v2F q

2

Z
(dk)(dp)

p
2
? sin2 ✓

(! � 2!̃B � vF q cos ✓)2(! � 2!̃B � vF q cos ✓ + qp? sin ✓/m)2
ImI12

⇡ �
4v2F q

2

(2⇡)4

Z 1

�1

dp?

Z !

0

d⌫

vF

Z 2⇡

0
d✓

Z !�⌫

0

d✏

vF
kF

p
2
? sin2 ✓

(! � 2!̃B � vF q cos ✓)4
�⌫|p?|

�2⌫2 + �2p6?

. (S50)

Now we can finally complete the evaluation. We integrate over p? first, using
R1

0 duu/(1 + u
3) = 2⇡/3

p
3, and

obtain that Im�
1
⇠

R !

0 d⌫(! � ⌫)⌫1/3. Then we obtain the final result

Im�
1(q,!) ⇡ �

p
3�1/3

kF

56⇡2�4/3

q
2
!
7/3

(! � 2!̃B)4
. (S51)

The characteristic scaling q
2
!
7/3 is now explicitly shown.

REAL PART

The calculations of the real part are more di�cult. In accordance with the common wisdom, see for example
Chap.37 in the book by Abrikosov, Gor’kov, Dzyaloshinskii, the outcome depends on the order of the integration over
Matsubara frequencies kn, pn and momenta k,p. Generally the first integrals carried out can be calculated simply and
exactly in the absence of any ultraviolet cut-o↵. For a zero temperature quantum system, there is indeed no frequency
cut-o↵, so integrating over all frequencies is correct. Integrating over all momenta is often not correct, because there
is some lattice or bandwidth scale. Nevertheless, it can be tempting and simpler to try. In our case, carrying out the

7

momentum integration first, similar to the procedure used by Kim et al.[24], gives the incorrect result
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which holds in the limit |⌫| = |! � 2!̃B | > vF q. Importantly, the “result” is seemingly independent of a momentum
cut-o↵ even though the intermediate steps do require an explicit cut-o↵ of the order kF when integrating over gauge
momentum p?.

Carrying out the frequency integration first, similar to the calculations in Maslov et al. [36], produces quite a
di↵erent answer
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�

◆
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Here ⇤ is a high-momentum cut-o↵. Observe that <�1 diverges in the � ! 0 limit, which represents the static limit
of gauge fluctuations, see (S3).

The technicalities of integrations leading to Eq. (S53) are tedious and require a number of simplifications performed
at the proper stages in the calculation. These steps are carried out in the Mathematica Notebook “realchi1.nb” which
is included in the Supplementary Materials (ancillary file on arXiv). There we find that the most divergent part of
the Re�1(q,!) is given by
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2
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. (S54)

We rescale by pulling out � from the denominator, introducing ↵ = �/(�kF ) and letting p = kF y. Then
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(↵2(y � 2 sin�)2 + y4)2
, (S55)

where ⇤F = ⇤/kF is the dimensionless upper cut-o↵ of the momentum integration. We observe that for large ⇤F � 1

integration variable y ⇠ ⇤F is large as well, and therefore the y-integral is approximated as
R ⇤F

0 dyy
3
/(↵2 + y

2)2 ⇡

ln(⇤F /↵). This gives us the quoted result, Eq.(S53).

In addition to the leading q
2 term in (S53), our calculation also produces a finite zero momentum independent

contribution, which represents a correction �M to the magnetization M

�
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2�M
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=
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! � 2!B

!Bm
2
�

2⇡4�2kF
I(�/�kF ). (S56)

Note that the prefactor is a simple pole, which reflects the Larmor theorem. Here I(↵) is a momentum integral, which
we calculate numerically. It parametrically depends on its argument ↵ = �/�kF . For example, for ↵ = 1 we obtain
I = 0.76. Note that (S56) represents a quantum correction to M (and hence the uniform susceptibility itself since
M is proportional to the appleid field), and vanishes in the limit � ! 0. Interestingly, this correction comes from
the real part of �1

12,B , (1), and is entirely absent when one integrates over the momenta before integrating over the
frequencies.

We conclude by noting that imaginary part of �1, (S51), is not sensitive to the order of integrations discussed
here. Carrying out calculations following [24] and doing the momentum integration before the frequency one precisely
reproduces Eq. (S51) (we do not show those redundant calculations here).

RPA FORM

In the RPA approximation

X±(q, i!n) =
�
0
±(q, i!n) + �

1
±(q, i!n)

1 + u[�0
±(q, i!n) + �

1
±(q, i!n)]

(S57)
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One dimension
• New results: these ideas apply to one dimensional spin 

chains in low magnetic fields and can be tested there! 

• Bonus: we also will find signatures of interacting 
magnons in the high field regime



One dimension
• J1-J2 Chain 

• Phase diagram for B=0

H =
X

i

h
J1

~Si · ~Si+1 + J2
~Si · ~Si+2 �BS

z
i

i

<latexit sha1_base64="7truH2szidyYgEaV18FUvePXAtk="></latexit>

J1

J2

solved by Bethe in 1931! J2/J10 .241 0.5

Gapless phase Dimerized

Majumdar-Gosh point



Gapless phase
• Wess-Zumino-Witten SU(2)1 CFT 

• Many representations:  

• matrix non-linear sigma model 

• free masses scalar field theory (abelian bosonization) 

• Sugarawa (current algebra) form 

• Free fermions (most useful today)



Fermion representation
• Spins 

• Hamiltonian H = H0 + V 

• Fermions contain decoupled charge mode which does not 
affect spin operators or correlations (spin-charge separation)

~Si ⇠ ~JR(xi) + ~JL(xi) + (�1)i ~N(xi)

<latexit sha1_base64="F/Q8Fdk+3aFtzRJjvxiP/NQUWLw="></latexit>

~JR/L = 1
2 

†
R/L~�  R/L
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2

change coupling J2. As is well-known, increasing an-
tiferromagnetic J2 reduces g continuously until it van-
ishes, which signal the transition at zero field to a dimer-
ized phase. MPS calculations compare excellently with
the theoretical predictions as both g and M are in-
dependently varied. In the large M regime, magnon-
magnon interactions are tuned by introducing magnetic
anisotropy of the XXZ form. For the isotropic Heisen-
berg limit they are large and order one, while magnons
do not interact in the XX case. We confirm numeri-
cally the theoretically-predicted behavior of the higher
excitation branch with varying anisotropy and other pa-
rameters. Note that none of these results are related to
integrability, and are instead rather universal features of
strongly interacting quasiparticles.

[LB: I propose we move the next paragraph to the end
of the paper:] Recent progress in observing Bethe string
solutions using high-resolution terahertz spectroscopy [8]
as well as their dispersion using inelasitc neutron scatter-
ing [9] in the 1D Heisenberg-Ising spin-chain compound
SrCo2V2O8 despite their low spectral weight, as well as
earlier neutron scattering studies in presence of finite
field [10, 11] indicate that signatures of interactions in an-
tiferromagnetic chains discussed in this work are within
reach of experimental capability. Furthermore, presence
of bound states in the system can be seen in dynamics
following a quantum quench as proposed in Ref. [12] and
confirmed in cold atom experiments [13].

Model- We consider a spin-1/2 chain, with antiferro-
magnetic nearest-neighbor coupling, J1 > 0, and next-
nearest-neighbor coupling, J2, in longitudinal Zeeman
field, B. The Hamiltonian of the system is given by

H =
X

i

J1

⇣
~Si · ~Si+1

⌘

�
+ J2

⇣
~Si · ~Si+2

⌘

�
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i
, (1)

where ~Si is a spin-1/2 operator on site i. We allow for

anisotropic interactions and denote
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~Si · ~Sj
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⌘ S
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j
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S
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i
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j
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z

i
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z

j
. In the isotropic case, � = 1, and for B =

0, the system undergoes a phase transition at J2 = J2,c ⇡
0.241J1, between a gapless and a dimerized phase [14, 15].
In the following we will consider the regime J2 < J2,c

in which the system remains gapless. We will consider
both the low and high Zeeman field regimes. In the high
field regime, the field B remains below saturation value
Bsat = (1 + �)J1.

We study the transverse component �(k,!) =
S

+�(k,!) of the dynamical correlations at zero temper-
ature, namely

�(k,!) =

Z 1

�1
dte
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e
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+
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(t) · S�
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��2 �(! � Em), (2)

where |0i denotes the ground state of the system.

Numerical calculations are carried out using ma-
trix product state (MPS)-based techniques [16], em-
ploying the ITensor library [17]. To obtain the spec-
tral function (2) we first obtain the ground state of
the system using density matrix renormalization group
(DMRG) [18]. We then perform time evolution up to
times tmax = 80J

�1
1 using time evolving block decima-

tion (TEBD) [19]. Our analysis is done on finite systems
of length L = 400 sites with open boundary conditions
(see SM for further details).
Low magnetization – [OS: Refs + few sentences? ] In

the discussion below we focus on the isotropic case. i.e.
� = 1. The low energy e↵ective description of the J1�J2

chain is given by an SU(2)1 Wess-Zumino-Witten con-
formal field theory. We denote the right/left moving
fermionic spinons which constitute the low energy the-
ory by  R/L,s, where s =", # is the spin. The respec-

tive spin current is given by ~JR = 1
2 

†
R
~� 

R
, where  R

denotes two-component spinor  R = ( R", R#)T (and
similarly for  L). The low energy Hamiltonian is given
by H = H0 + V , where H0 corresponds to the non-
interacting part

H0 = v

Z
dx

⇣
 
†
R
(�i@x) 

R
+  

†
L
(i@x) 

L

⌘
(3)

(here v is the Fermi velocity), and V is the backscattering
interaction
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⇤
.

(4)
The Hamiltonian H0 + V appears as an interacting
fermion problem for the spinons, an approach we will
follow below. Here we note that in a standard bosoniza-
tion framework g gives rise to a non-linear cosine term
and depending on the sign of the coupling g can drive
the system into a gapped phase. In a renormalization
group treatment, g > 0 is marginally irrelevant and flows
slowly to zero at low energies. Consequently the gapless
critical phase remains stable, but non-zero backscattering
induces subtle logarithmic modifications to the temper-
ature dependence of thermodynamic quantities such as
susceptibility and specific heat[LB: ref? ]. For g < 0, the
interaction becomes marginally relevant, and a spin gap
opens as the system is driven into the dimerized phase.
The bare value of g depends on J2 and changes sign at
the critical value J2,c ⇡ 0.241 [15].

As we now show, the consequences of the non-zero g >

0 are more dramatic and directly evident in the spectral
features in the presence of a Zeeman field. A longitudinal
Zeeman field couples to the magnetization M , which is
the sum of the right and left spin currents

HB = �B

Z
dxM, M = J

z

R
+ J

z

L
. (5)

In the renormalization group framework, a non-zero B

or M provides a length scale (/ 1/M) which cuts o↵
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change coupling J2. As is well-known, increasing an-
tiferromagnetic J2 reduces g continuously until it van-
ishes, which signal the transition at zero field to a dimer-
ized phase. MPS calculations compare excellently with
the theoretical predictions as both g and M are in-
dependently varied. In the large M regime, magnon-
magnon interactions are tuned by introducing magnetic
anisotropy of the XXZ form. For the isotropic Heisen-
berg limit they are large and order one, while magnons
do not interact in the XX case. We confirm numeri-
cally the theoretically-predicted behavior of the higher
excitation branch with varying anisotropy and other pa-
rameters. Note that none of these results are related to
integrability, and are instead rather universal features of
strongly interacting quasiparticles.

[LB: I propose we move the next paragraph to the end
of the paper:] Recent progress in observing Bethe string
solutions using high-resolution terahertz spectroscopy [8]
as well as their dispersion using inelasitc neutron scatter-
ing [9] in the 1D Heisenberg-Ising spin-chain compound
SrCo2V2O8 despite their low spectral weight, as well as
earlier neutron scattering studies in presence of finite
field [10, 11] indicate that signatures of interactions in an-
tiferromagnetic chains discussed in this work are within
reach of experimental capability. Furthermore, presence
of bound states in the system can be seen in dynamics
following a quantum quench as proposed in Ref. [12] and
confirmed in cold atom experiments [13].

Model- We consider a spin-1/2 chain, with antiferro-
magnetic nearest-neighbor coupling, J1 > 0, and next-
nearest-neighbor coupling, J2, in longitudinal Zeeman
field, B. The Hamiltonian of the system is given by

H =
X

i

J1

⇣
~Si · ~Si+1

⌘

�
+ J2

⇣
~Si · ~Si+2

⌘

�
� BS

z

i
, (1)

where ~Si is a spin-1/2 operator on site i. We allow for

anisotropic interactions and denote
⇣
~Si · ~Sj

⌘

�
⌘ S

x

i
S

x

j
+

S
y

i
S

y

j
+�S

z

i
S

z

j
. In the isotropic case, � = 1, and for B =

0, the system undergoes a phase transition at J2 = J2,c ⇡
0.241J1, between a gapless and a dimerized phase [14, 15].
In the following we will consider the regime J2 < J2,c

in which the system remains gapless. We will consider
both the low and high Zeeman field regimes. In the high
field regime, the field B remains below saturation value
Bsat = (1 + �)J1.

We study the transverse component �(k,!) =
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where |0i denotes the ground state of the system.

Numerical calculations are carried out using ma-
trix product state (MPS)-based techniques [16], em-
ploying the ITensor library [17]. To obtain the spec-
tral function (2) we first obtain the ground state of
the system using density matrix renormalization group
(DMRG) [18]. We then perform time evolution up to
times tmax = 80J
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1 using time evolving block decima-

tion (TEBD) [19]. Our analysis is done on finite systems
of length L = 400 sites with open boundary conditions
(see SM for further details).
Low magnetization – [OS: Refs + few sentences? ] In

the discussion below we focus on the isotropic case. i.e.
� = 1. The low energy e↵ective description of the J1�J2

chain is given by an SU(2)1 Wess-Zumino-Witten con-
formal field theory. We denote the right/left moving
fermionic spinons which constitute the low energy the-
ory by  R/L,s, where s =", # is the spin. The respec-

tive spin current is given by ~JR = 1
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, where  R

denotes two-component spinor  R = ( R", R#)T (and
similarly for  L). The low energy Hamiltonian is given
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The Hamiltonian H0 + V appears as an interacting
fermion problem for the spinons, an approach we will
follow below. Here we note that in a standard bosoniza-
tion framework g gives rise to a non-linear cosine term
and depending on the sign of the coupling g can drive
the system into a gapped phase. In a renormalization
group treatment, g > 0 is marginally irrelevant and flows
slowly to zero at low energies. Consequently the gapless
critical phase remains stable, but non-zero backscattering
induces subtle logarithmic modifications to the temper-
ature dependence of thermodynamic quantities such as
susceptibility and specific heat[LB: ref? ]. For g < 0, the
interaction becomes marginally relevant, and a spin gap
opens as the system is driven into the dimerized phase.
The bare value of g depends on J2 and changes sign at
the critical value J2,c ⇡ 0.241 [15].

As we now show, the consequences of the non-zero g >

0 are more dramatic and directly evident in the spectral
features in the presence of a Zeeman field. A longitudinal
Zeeman field couples to the magnetization M , which is
the sum of the right and left spin currents
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change coupling J2. As is well-known, increasing an-
tiferromagnetic J2 reduces g continuously until it van-
ishes, which signal the transition at zero field to a dimer-
ized phase. MPS calculations compare excellently with
the theoretical predictions as both g and M are in-
dependently varied. In the large M regime, magnon-
magnon interactions are tuned by introducing magnetic
anisotropy of the XXZ form. For the isotropic Heisen-
berg limit they are large and order one, while magnons
do not interact in the XX case. We confirm numeri-
cally the theoretically-predicted behavior of the higher
excitation branch with varying anisotropy and other pa-
rameters. Note that none of these results are related to
integrability, and are instead rather universal features of
strongly interacting quasiparticles.
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of the paper:] Recent progress in observing Bethe string
solutions using high-resolution terahertz spectroscopy [8]
as well as their dispersion using inelasitc neutron scatter-
ing [9] in the 1D Heisenberg-Ising spin-chain compound
SrCo2V2O8 despite their low spectral weight, as well as
earlier neutron scattering studies in presence of finite
field [10, 11] indicate that signatures of interactions in an-
tiferromagnetic chains discussed in this work are within
reach of experimental capability. Furthermore, presence
of bound states in the system can be seen in dynamics
following a quantum quench as proposed in Ref. [12] and
confirmed in cold atom experiments [13].

Model- We consider a spin-1/2 chain, with antiferro-
magnetic nearest-neighbor coupling, J1 > 0, and next-
nearest-neighbor coupling, J2, in longitudinal Zeeman
field, B. The Hamiltonian of the system is given by
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in which the system remains gapless. We will consider
both the low and high Zeeman field regimes. In the high
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where |0i denotes the ground state of the system.

Numerical calculations are carried out using ma-
trix product state (MPS)-based techniques [16], em-
ploying the ITensor library [17]. To obtain the spec-
tral function (2) we first obtain the ground state of
the system using density matrix renormalization group
(DMRG) [18]. We then perform time evolution up to
times tmax = 80J

�1
1 using time evolving block decima-

tion (TEBD) [19]. Our analysis is done on finite systems
of length L = 400 sites with open boundary conditions
(see SM for further details).
Low magnetization – [OS: Refs + few sentences? ] In

the discussion below we focus on the isotropic case. i.e.
� = 1. The low energy e↵ective description of the J1�J2

chain is given by an SU(2)1 Wess-Zumino-Witten con-
formal field theory. We denote the right/left moving
fermionic spinons which constitute the low energy the-
ory by  R/L,s, where s =", # is the spin. The respec-

tive spin current is given by ~JR = 1
2 

†
R
~� 

R
, where  R

denotes two-component spinor  R = ( R", R#)T (and
similarly for  L). The low energy Hamiltonian is given
by H = H0 + V , where H0 corresponds to the non-
interacting part

H0 = v
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(here v is the Fermi velocity), and V is the backscattering
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The Hamiltonian H0 + V appears as an interacting
fermion problem for the spinons, an approach we will
follow below. Here we note that in a standard bosoniza-
tion framework g gives rise to a non-linear cosine term
and depending on the sign of the coupling g can drive
the system into a gapped phase. In a renormalization
group treatment, g > 0 is marginally irrelevant and flows
slowly to zero at low energies. Consequently the gapless
critical phase remains stable, but non-zero backscattering
induces subtle logarithmic modifications to the temper-
ature dependence of thermodynamic quantities such as
susceptibility and specific heat[LB: ref? ]. For g < 0, the
interaction becomes marginally relevant, and a spin gap
opens as the system is driven into the dimerized phase.
The bare value of g depends on J2 and changes sign at
the critical value J2,c ⇡ 0.241 [15].

As we now show, the consequences of the non-zero g >

0 are more dramatic and directly evident in the spectral
features in the presence of a Zeeman field. A longitudinal
Zeeman field couples to the magnetization M , which is
the sum of the right and left spin currents

HB = �B

Z
dxM, M = J

z

R
+ J

z

L
. (5)

In the renormalization group framework, a non-zero B

or M provides a length scale (/ 1/M) which cuts o↵
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change coupling J2. As is well-known, increasing an-
tiferromagnetic J2 reduces g continuously until it van-
ishes, which signal the transition at zero field to a dimer-
ized phase. MPS calculations compare excellently with
the theoretical predictions as both g and M are in-
dependently varied. In the large M regime, magnon-
magnon interactions are tuned by introducing magnetic
anisotropy of the XXZ form. For the isotropic Heisen-
berg limit they are large and order one, while magnons
do not interact in the XX case. We confirm numeri-
cally the theoretically-predicted behavior of the higher
excitation branch with varying anisotropy and other pa-
rameters. Note that none of these results are related to
integrability, and are instead rather universal features of
strongly interacting quasiparticles.

[LB: I propose we move the next paragraph to the end
of the paper:] Recent progress in observing Bethe string
solutions using high-resolution terahertz spectroscopy [8]
as well as their dispersion using inelasitc neutron scatter-
ing [9] in the 1D Heisenberg-Ising spin-chain compound
SrCo2V2O8 despite their low spectral weight, as well as
earlier neutron scattering studies in presence of finite
field [10, 11] indicate that signatures of interactions in an-
tiferromagnetic chains discussed in this work are within
reach of experimental capability. Furthermore, presence
of bound states in the system can be seen in dynamics
following a quantum quench as proposed in Ref. [12] and
confirmed in cold atom experiments [13].

Model- We consider a spin-1/2 chain, with antiferro-
magnetic nearest-neighbor coupling, J1 > 0, and next-
nearest-neighbor coupling, J2, in longitudinal Zeeman
field, B. The Hamiltonian of the system is given by

H =
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0, the system undergoes a phase transition at J2 = J2,c ⇡
0.241J1, between a gapless and a dimerized phase [14, 15].
In the following we will consider the regime J2 < J2,c

in which the system remains gapless. We will consider
both the low and high Zeeman field regimes. In the high
field regime, the field B remains below saturation value
Bsat = (1 + �)J1.

We study the transverse component �(k,!) =
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+�(k,!) of the dynamical correlations at zero temper-
ature, namely
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where |0i denotes the ground state of the system.

Numerical calculations are carried out using ma-
trix product state (MPS)-based techniques [16], em-
ploying the ITensor library [17]. To obtain the spec-
tral function (2) we first obtain the ground state of
the system using density matrix renormalization group
(DMRG) [18]. We then perform time evolution up to
times tmax = 80J

�1
1 using time evolving block decima-

tion (TEBD) [19]. Our analysis is done on finite systems
of length L = 400 sites with open boundary conditions
(see SM for further details).
Low magnetization – [OS: Refs + few sentences? ] In

the discussion below we focus on the isotropic case. i.e.
� = 1. The low energy e↵ective description of the J1�J2

chain is given by an SU(2)1 Wess-Zumino-Witten con-
formal field theory. We denote the right/left moving
fermionic spinons which constitute the low energy the-
ory by  R/L,s, where s =", # is the spin. The respec-

tive spin current is given by ~JR = 1
2 

†
R
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R
, where  R

denotes two-component spinor  R = ( R", R#)T (and
similarly for  L). The low energy Hamiltonian is given
by H = H0 + V , where H0 corresponds to the non-
interacting part

H0 = v

Z
dx
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(here v is the Fermi velocity), and V is the backscattering
interaction
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The Hamiltonian H0 + V appears as an interacting
fermion problem for the spinons, an approach we will
follow below. Here we note that in a standard bosoniza-
tion framework g gives rise to a non-linear cosine term
and depending on the sign of the coupling g can drive
the system into a gapped phase. In a renormalization
group treatment, g > 0 is marginally irrelevant and flows
slowly to zero at low energies. Consequently the gapless
critical phase remains stable, but non-zero backscattering
induces subtle logarithmic modifications to the temper-
ature dependence of thermodynamic quantities such as
susceptibility and specific heat[LB: ref? ]. For g < 0, the
interaction becomes marginally relevant, and a spin gap
opens as the system is driven into the dimerized phase.
The bare value of g depends on J2 and changes sign at
the critical value J2,c ⇡ 0.241 [15].

As we now show, the consequences of the non-zero g >

0 are more dramatic and directly evident in the spectral
features in the presence of a Zeeman field. A longitudinal
Zeeman field couples to the magnetization M , which is
the sum of the right and left spin currents

HB = �B
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dxM, M = J
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In the renormalization group framework, a non-zero B

or M provides a length scale (/ 1/M) which cuts o↵
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change coupling J2. As is well-known, increasing an-
tiferromagnetic J2 reduces g continuously until it van-
ishes, which signal the transition at zero field to a dimer-
ized phase. MPS calculations compare excellently with
the theoretical predictions as both g and M are in-
dependently varied. In the large M regime, magnon-
magnon interactions are tuned by introducing magnetic
anisotropy of the XXZ form. For the isotropic Heisen-
berg limit they are large and order one, while magnons
do not interact in the XX case. We confirm numeri-
cally the theoretically-predicted behavior of the higher
excitation branch with varying anisotropy and other pa-
rameters. Note that none of these results are related to
integrability, and are instead rather universal features of
strongly interacting quasiparticles.

[LB: I propose we move the next paragraph to the end
of the paper:] Recent progress in observing Bethe string
solutions using high-resolution terahertz spectroscopy [8]
as well as their dispersion using inelasitc neutron scatter-
ing [9] in the 1D Heisenberg-Ising spin-chain compound
SrCo2V2O8 despite their low spectral weight, as well as
earlier neutron scattering studies in presence of finite
field [10, 11] indicate that signatures of interactions in an-
tiferromagnetic chains discussed in this work are within
reach of experimental capability. Furthermore, presence
of bound states in the system can be seen in dynamics
following a quantum quench as proposed in Ref. [12] and
confirmed in cold atom experiments [13].

Model- We consider a spin-1/2 chain, with antiferro-
magnetic nearest-neighbor coupling, J1 > 0, and next-
nearest-neighbor coupling, J2, in longitudinal Zeeman
field, B. The Hamiltonian of the system is given by

H =
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0, the system undergoes a phase transition at J2 = J2,c ⇡
0.241J1, between a gapless and a dimerized phase [14, 15].
In the following we will consider the regime J2 < J2,c

in which the system remains gapless. We will consider
both the low and high Zeeman field regimes. In the high
field regime, the field B remains below saturation value
Bsat = (1 + �)J1.
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where |0i denotes the ground state of the system.

Numerical calculations are carried out using ma-
trix product state (MPS)-based techniques [16], em-
ploying the ITensor library [17]. To obtain the spec-
tral function (2) we first obtain the ground state of
the system using density matrix renormalization group
(DMRG) [18]. We then perform time evolution up to
times tmax = 80J

�1
1 using time evolving block decima-

tion (TEBD) [19]. Our analysis is done on finite systems
of length L = 400 sites with open boundary conditions
(see SM for further details).
Low magnetization – [OS: Refs + few sentences? ] In

the discussion below we focus on the isotropic case. i.e.
� = 1. The low energy e↵ective description of the J1�J2

chain is given by an SU(2)1 Wess-Zumino-Witten con-
formal field theory. We denote the right/left moving
fermionic spinons which constitute the low energy the-
ory by  R/L,s, where s =", # is the spin. The respec-

tive spin current is given by ~JR = 1
2 

†
R
~� 

R
, where  R

denotes two-component spinor  R = ( R", R#)T (and
similarly for  L). The low energy Hamiltonian is given
by H = H0 + V , where H0 corresponds to the non-
interacting part
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Z
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(here v is the Fermi velocity), and V is the backscattering
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The Hamiltonian H0 + V appears as an interacting
fermion problem for the spinons, an approach we will
follow below. Here we note that in a standard bosoniza-
tion framework g gives rise to a non-linear cosine term
and depending on the sign of the coupling g can drive
the system into a gapped phase. In a renormalization
group treatment, g > 0 is marginally irrelevant and flows
slowly to zero at low energies. Consequently the gapless
critical phase remains stable, but non-zero backscattering
induces subtle logarithmic modifications to the temper-
ature dependence of thermodynamic quantities such as
susceptibility and specific heat[LB: ref? ]. For g < 0, the
interaction becomes marginally relevant, and a spin gap
opens as the system is driven into the dimerized phase.
The bare value of g depends on J2 and changes sign at
the critical value J2,c ⇡ 0.241 [15].

As we now show, the consequences of the non-zero g >

0 are more dramatic and directly evident in the spectral
features in the presence of a Zeeman field. A longitudinal
Zeeman field couples to the magnetization M , which is
the sum of the right and left spin currents

HB = �B

Z
dxM, M = J

z

R
+ J

z
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. (5)

In the renormalization group framework, a non-zero B

or M provides a length scale (/ 1/M) which cuts o↵
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change coupling J2. As is well-known, increasing an-
tiferromagnetic J2 reduces g continuously until it van-
ishes, which signal the transition at zero field to a dimer-
ized phase. MPS calculations compare excellently with
the theoretical predictions as both g and M are in-
dependently varied. In the large M regime, magnon-
magnon interactions are tuned by introducing magnetic
anisotropy of the XXZ form. For the isotropic Heisen-
berg limit they are large and order one, while magnons
do not interact in the XX case. We confirm numeri-
cally the theoretically-predicted behavior of the higher
excitation branch with varying anisotropy and other pa-
rameters. Note that none of these results are related to
integrability, and are instead rather universal features of
strongly interacting quasiparticles.

[LB: I propose we move the next paragraph to the end
of the paper:] Recent progress in observing Bethe string
solutions using high-resolution terahertz spectroscopy [8]
as well as their dispersion using inelasitc neutron scatter-
ing [9] in the 1D Heisenberg-Ising spin-chain compound
SrCo2V2O8 despite their low spectral weight, as well as
earlier neutron scattering studies in presence of finite
field [10, 11] indicate that signatures of interactions in an-
tiferromagnetic chains discussed in this work are within
reach of experimental capability. Furthermore, presence
of bound states in the system can be seen in dynamics
following a quantum quench as proposed in Ref. [12] and
confirmed in cold atom experiments [13].

Model- We consider a spin-1/2 chain, with antiferro-
magnetic nearest-neighbor coupling, J1 > 0, and next-
nearest-neighbor coupling, J2, in longitudinal Zeeman
field, B. The Hamiltonian of the system is given by
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0, the system undergoes a phase transition at J2 = J2,c ⇡
0.241J1, between a gapless and a dimerized phase [14, 15].
In the following we will consider the regime J2 < J2,c

in which the system remains gapless. We will consider
both the low and high Zeeman field regimes. In the high
field regime, the field B remains below saturation value
Bsat = (1 + �)J1.

We study the transverse component �(k,!) =
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where |0i denotes the ground state of the system.

Numerical calculations are carried out using ma-
trix product state (MPS)-based techniques [16], em-
ploying the ITensor library [17]. To obtain the spec-
tral function (2) we first obtain the ground state of
the system using density matrix renormalization group
(DMRG) [18]. We then perform time evolution up to
times tmax = 80J

�1
1 using time evolving block decima-

tion (TEBD) [19]. Our analysis is done on finite systems
of length L = 400 sites with open boundary conditions
(see SM for further details).
Low magnetization – [OS: Refs + few sentences? ] In

the discussion below we focus on the isotropic case. i.e.
� = 1. The low energy e↵ective description of the J1�J2

chain is given by an SU(2)1 Wess-Zumino-Witten con-
formal field theory. We denote the right/left moving
fermionic spinons which constitute the low energy the-
ory by  R/L,s, where s =", # is the spin. The respec-

tive spin current is given by ~JR = 1
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, where  R

denotes two-component spinor  R = ( R", R#)T (and
similarly for  L). The low energy Hamiltonian is given
by H = H0 + V , where H0 corresponds to the non-
interacting part
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The Hamiltonian H0 + V appears as an interacting
fermion problem for the spinons, an approach we will
follow below. Here we note that in a standard bosoniza-
tion framework g gives rise to a non-linear cosine term
and depending on the sign of the coupling g can drive
the system into a gapped phase. In a renormalization
group treatment, g > 0 is marginally irrelevant and flows
slowly to zero at low energies. Consequently the gapless
critical phase remains stable, but non-zero backscattering
induces subtle logarithmic modifications to the temper-
ature dependence of thermodynamic quantities such as
susceptibility and specific heat[LB: ref? ]. For g < 0, the
interaction becomes marginally relevant, and a spin gap
opens as the system is driven into the dimerized phase.
The bare value of g depends on J2 and changes sign at
the critical value J2,c ⇡ 0.241 [15].

As we now show, the consequences of the non-zero g >

0 are more dramatic and directly evident in the spectral
features in the presence of a Zeeman field. A longitudinal
Zeeman field couples to the magnetization M , which is
the sum of the right and left spin currents
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In the renormalization group framework, a non-zero B
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FIG. 2: Dynamical correlations S+�(k,!) obtained numer-
ically for Zeeman field of B/J1 = 1. (a-b) J2 = 0, (c-d)
J2/J1 = 0.24. In (a,c) the red dashed line indicates a fit
to the analytic expression in Eq. (7) valid in the vicinity of
k = 0. In (b,d) cuts of the dynamical correlations are shown
for fixed values of k.

(6), is determined by g = g(B) 6= 0 in (4) which is small
and finite. The diagonal J

z
RJ

z
L term in Eq. (4) leads for

M > 0 to a simple increase of the spin splitting of the
spinon bands by the energy � = gM/2. Consequently
the full spin splitting is B + � and näıvely the poles in
Eq. (6) would be shifted vertically to B + � ± vk. This
clearly violates the Larmor theorem. The contradiction
is resolved by including the spin flip part of the inter-
action J

+
R J

�
L + h.c., which results in the formation of

a bound state between the particle and hole (exciton)
created by the spin operator S

+. The two e↵ects to-
gether are captured by a Random Phase Approximation
summation of ladder diagrams for the susceptibility, as
described in [16], leading to the result

�
±(k, !) = M

✓
A+(k)

! � !+(k)
+

A�(k)

! � !�(k)

◆
, (7)

A±(k) = 1 ± ṽ
2
k

2 � B�

B
p

�2 + ṽ2k2
,

!±(k) = B + � ±
p

�2 + ṽ2k2.

Here ṽ = v

p
1 � g2�2

0/4. This is plotted schematically
in Fig. 1. The downward branch !�(k) has finite residue
which approaches 2M for k ! 0 and !�(k) ! B, satisfy-
ing the Larmor theorem. The spectral weight of the up-
ward branch !+(k) vanishes quadratically A+(k) / ṽ

2
k

2

for k ! 0, when !+(k) ! B + 2�. Both branches scale
linearly with ṽk for su�ciently large momenta ṽk � �.
Within our low-energy approximation the k = 0 gap be-
tween the two branches is given by 2� = !+(0)�!�(0) =
gM . Higher order in g and B contributions can modify
it.

We now compare our analytical analysis to numerical

(a) (b)

FIG. 3: (a) The splitting at k = 0 as function of the mag-
netization for di↵erent values of J2 (b) The backscattering
interaction g, extracted from 2� vs M in (a).

results, which are consistent with earlier studies of the
Heisenberg chain[3, 5–7]. These works observed a finite
gap, but did not address its origin and systematics. The
dynamical correlations obtained numerically are shown
in Fig. 2. Since the spectral weight of the upper branch
vanishes at k = 0, to obtain the gap 2� we extract the
dispersion at small momenta (see Fig. 2(b,d)), fitting the
two branches to the form expected from Eq. (7), and
extrapolating to k = 0. The resulting gap versus mag-
netization, as J2 is varied, is shown in Fig. 3(a). We
account for higher order M

2 corrections to � by fitting
the curves shown in Fig. 3 to the form 2� = gM +↵M

2,
and extract g(J2) which is plotted in Fig. 3(b). Addi-
tional data for ferromagnetic J2 < 0, which enhances
g beyond that of the nearest-neighbor limit, is given in
[16]. Extrapolating g(J2) to zero, we find that g vanishes
at J2/J1 = 0.239 ± 0.005 in agreement with the critical
value J2,c/J1 ⇡ 0.241 [11] up to numerical uncertainties.
Fixed momentum cuts of the S

+�(k, !) (Fig. 2b,d) show
that, as predicted by Eq. (7), the spectral weight of the
upper branch is suppressed at small k for the Heisen-
berg case (the generic situation), while the two branches
have approximately equal weight in the free spinon limit
(J2 ⇡ J2,c).

High magnetization – We next consider the limit of
a nearly polarized chain with low density of down spins,
i.e. when the field is close to saturation value Bsat = (1+
⌘)J1. In this limit it is useful to consider the mapping of
spins to spinless fermions defined by S

�
i =

Q
j<i(�1)njc

†
i

and S
z = 1/2 � ni, where c

†
i denotes the fermionic cre-

ation operator on site i and ni = c
†
i ci. We focus on the

case with J2 = 0 first. The Hamiltonian (1) maps to

H =
X

i

J1

2

⇣
c
†
i ci+1 + h.c.

⌘
+ ⌘J1nini+1 + (B � ⌘J1)ni.

(8)
At the saturation field B = Bsat, the ground state is

fully polarized, |0i = |FMi, and the only contribution
to the dynamical susceptibility is the one-magnon state
with momentum k, |1ki = 1p

N

P
m e

ikm
S
�
m|FMi. Con-

sequently, the transverse correlations feature a sharp co-
sine mode at ! = J1(1+cos k) as can be seen in Fig. 4(a).
In the isotropic case, i.e. for ⌘ = 1, as the field is low-
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Theory works :)
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Higher Magnetization
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•k=0 gap persistent 
•Lower mode has most of 
weight and slightly split 

•Upper mode with small 
weight



Higher Magnetization
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•Lower mode(s) clearly 
descend from single magnon 
of the ferromagnet 

•Upper mode: spectral weight 
transfer to large energy upon 
small “doping” with spin flips



Picture
• Spin flip gas

~Tonks gas



Picture
• Spin flip S�

i ⇠ c†i
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Extra particle can be ~free or bind to one 
of the existing particles if they interact!



Bound state
• Two magnons 

• Easy to show there is a bound state outside the two-
magnon continuum 

• Approximation: finite system with one spin flip in box of 
size 1/(density of spin flips)

4

(a) (b)

(c) (d)

FIG. 2: Dynamical correlations S+�(k,!) obtained numer-
ically for Zeeman field of B/J1 = 1. (a-b) J2 = 0, (c-d)
J2/J1 = 0.24. In (a,c) the red dashed line indicates a fit
to the analytic expression in Eq. (7) valid in the vicinity of
k = 0. In (b,d) cuts of the dynamical correlations are shown
for fixed values of k.

(a) (b)

FIG. 3: (a) The splitting at k = 0 as function of the mag-
netization for di↵erent values of J2 (b) The backscattering
interaction g, extracted from �! vs M in (a).

At saturation field B = Bsat, the chain is fully polar-
ized and the transverse correlations feature a sharp cosine
mode at ! = J1(1 + cos k) as can be seen in Fig. 4(a).
In the isotropic case, i.e. for � = 1, as the field is low-
ered and the density of spin down particles increases,
we observe a splitting of the cosine mode as well as an
appearance of a new mode at higher energies ! > 2J1

(see Fig. 4(b)). To understand this response it is useful
to compare to the limit of � = 0, i.e. when the spin-
less fermions are non-interacting. The dynamical corre-
lations obtained in this limit are plotted in Fig. 4(c). It
can be seen that the low energy response at ! < 2J1 is
not altered significantly. Indeed, as we show in the SM,
the splitting of the lower mode can be understood in the
non-interacting limit as originating from single particle
excitations above the Fermi sea [25]. The mode at higher
energies however is completely gone for � = 0, indicating
that its presence comes purely from interaction e↵ects. In
fact, for the Heisenberg chain, it is known that this mode
comes from Bethe ansatz string solutions, which can be
identified as two-magnon bound states close to satura-

tion field [2, 3]. Here, we go beyond the integrable limit
analyzing bound state solutions for finite J2, and clari-
fying how their presence in the system is revealed in the
transverse correlations.

To examine two-particle bound state solutions we con-
sider a state with two down spins

|2Ki =
X

m,n

 m,nS
�
m

S
�
n
|0i ,  m,n / e

iK
m+n

2 f(m � n)

(9)
where |0i corresponds to the fully polarized state. Due
to translational invariance the two particle wavefunction
 m,n can be written as above, with K denoting the center
of mass momentum of the pair of magnons. Looking for
eigenstates of the Hamiltonian (1) of the form above,
leads to an e↵ective Schrodinger equation for f(m � n).
Requiring a bound solution for f we can check that such
a solution exists for a given K and obtain its energy. For
J2 = 0 the dispersion of the bound state can be easily
obtained analytically and is given by ✏2(K, J2 = 0) =
2B�J1 sin2(K/2) [1], while for finite J2 we calculate the
dispersion numerically (see SM).

To understand how the two-magnon bound states are
revealed in the transverse correlations, consider for sim-
plicity the limit of a single down spin in the otherwise
polarized ground state. Note that since the minimum
of the single magnon dispersion is at momentum ⇡ for
J1 > 0 and J2/J1 < 1/4, the magnon present in the
ground state will occupy that momentum. We can thus
denote the ground state in this case as |1⇡i. Calculat-
ing the transverse susceptibility (2), we expect the ma-

trix element
���
D
2

K

���S�
k

��1
⇡

↵��� / �K,k+⇡, or equivalently,

we expect the response at momentum k to be at energy
! = ✏2(k + ⇡) (see SM for a more explicit calculation
of the matrix element). Plotting the expected dispersion
due to the two-magnon bound state on top of the dy-
namical correlations obtained numerically (dashed line
in Figs. 4(b,d)) we find an excellent agreement between
the two. The intensity of this mode depends on the den-
sity of down spins in the ground state, and hence vanishes
as 1/2 � M (see SM for additional numerical results for
di↵erent values of M).

Note that as opposed to the low-magnetization regime,
where the splitting between the modes at k = 0 van-
ishes at J2 ! J2,c, in the high-magnetization regime
the splitting between the modes remains finite. In fact,
�! = J1 � 3J2 + J

2
2/(J1 � J2) is determined by the two-

magnon bound state at K = ⇡ [21, 22] (see SM for de-
tails). This highlights the fact that the nature and the
origin of the high energy mode in the low and high mag-
netization regimes is very di↵erent. While in the low-
magnetization regime the high energy mode describes a
continuum of excitations and the low energy mode is a
sharp collective excitation of spinons [23], in the high
magnetization regime the situation is reversed - the low
energy modes in the response form a continuum of psi-

 m,n = eiK(m+n
2 )f(m� n)
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⇠ · · ·+ |h2⇡+K |S�
k |1⇡i|2L=1/n�(! � ✏2(k + ⇡))
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2-magnon bound state appears with weight ~ n ~ Ms-M



Bound state
• Check
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Red dashed line = calculated bound state energy

c.f. Bethe ansatz 
“strings”



Bound state
• Check

Red dashed line = calculated bound state energy

But not related 
to integrability

0 º/2 º

k

0

1

2

3

4

!
/J

1

0

200

400

0 º
2

4

0

50

J2/J1=.24

Extremely general phenomena of 
spectral weight transfer in low 

density correlated systems



Bound state
• Check: does it really come from magnon interactions? 

• XX model (equivalent to free fermions)

Bound state 
entirely absent
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Also see that lower mode 
splitting is not an interaction 
effect.  It arises from Jordan-

Wigner string



Summary
• General lesson: interactions between emergent 

quasiparticles are generically strong and can significantly 
modify spectral response of local operators 

• We identified simple spectral signatures of quasiparticle 
interactions (spinons or magnons) in 1d chains and 2d 
spin liquids
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