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Quantum Spin Liquid

Phil Anderson, 1973
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Resonating Valence Bond state



Fractional quantum number

excitation with ΔS = 1/2 not 
possible for any finite cluster 
of spins.  May be a fermion

always created in pairs by any 
local operator

spinon



• Topological QSLs 

• U(1) QSL 

• Dirac QSLs 

• Spinon Fermi surface

Classes of QSLs
anyons, 
spinons 

compact U(1)

QED3
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liquid “spin 
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Smoking Gun?
Difficult to find incontrovertible and sharp 
indicator of a QSL!

A few possibilities

•T-linear thermal conductivity in 
spinon Fermi surface QSL 

•Transverse, linearly dispersing 
emergent photon mode in 3d U(1) 
QSL

observed!

not yet 
observed
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•Quantized thermal Hall conductivity 
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•Silin spin wave and continuum in 
field-polarized spinon Fermi surface 
state
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Kitaev Honeycomb
Dr. Alexei Kitaev, KITP & Microsoft (KITP Colloquium 11-09-05) Anyons in an Exactly Solved Model and Beyond Page 6
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Dr. Alexei Kitaev, KITP & Microsoft (KITP Colloquium 11-09-05) Anyons in an Exactly Solved Model and Beyond Page 4

~1/4 of graphene

B field



Thermal Quantum Hall Effect

• No charge.  Have to study heat 
transport!

T1

T2
H =

⇡ck2
B
T
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a universal prediction for chiral 
“Ising anyon” phase: agnostic to 

microscopic spin interactions

Ix = H�Ty
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Thermal Hall Effect
Y. Kasahara et al, Nature 2018

LETTER RESEARCH

6

4

2

0
86420

10

8

6

4

2

0

N x
x 

(W
 K

–1
 m

–1
)

N x
x 

(W
 K

–1
 m

–1
)

14121086420
T (K)

T 
(K

)

 0 T

12

8

4

0
86420

P0H|| (T)

P0H|| (T)

T = 60° 
 7.0 K
 6.0 K
 5.0 K
 2.5 K

T = 45° 
T = 60° 
T = 90° 

M/H
    (T = 90°)

P0H|| = 7 T (T = 90°)

P0HA = 12 T
(T = 0°)

P0H|| = 7 T (T = 60°)

Heater

Thermometer
Heat
bath

H

H||

H⊥T

q

���xT–

–���yT

c

a

a b

Δ

Δ

Fig. 2 | Longitudinal thermal conductivity in α-RuCl3. a, Temperature 
dependence of κxx in a magnetic field H applied along various directions 
in the a–c plane. The inset illustrates a schematic of the measurement 
setup for κxx and κxy (see Methods for details). b, κxx at θ = 60°, plotted as a 
function of the parallel field component, H∥. The inset shows TN versus H∥ 

at different field directions. TN is determined by the T dependence of κxx 
shown in a (open symbols) and by the minimum in the H dependence of 
κxx (filled symbols), shown by arrows in the main panel. Crosses show TN 
for θ = 90°, determined from magnetic susceptibility (M/H, where M is the 
magnetization) measurements26.
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dependence of κxx in a magnetic field H applied along various directions 
in the a–c plane. The inset illustrates a schematic of the measurement 
setup for κxx and κxy (see Methods for details). b, κxx at θ = 60°, plotted as a 
function of the parallel field component, H∥. The inset shows TN versus H∥ 

at different field directions. TN is determined by the T dependence of κxx 
shown in a (open symbols) and by the minimum in the H dependence of 
κxx (filled symbols), shown by arrows in the main panel. Crosses show TN 
for θ = 90°, determined from magnetic susceptibility (M/H, where M is the 
magnetization) measurements26.
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Fig. 3 | Half-integer thermal Hall conductance plateau. a–h, Thermal 
Hall conductivity κxy/T in a field tilted at θ = 60° (a–d) and 45° (e–h) 
plotted as a function of H⊥ (see inset of Fig. 2a). The top axes show the 
parallel field component, H∥. The right scales represent the 2D thermal 

Hall conductance, κ /Txy
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2 . Violet dashed  
lines represent the half-integer thermal Hall conductance, 
κ / π/ / = /T k ħ[ ( 6) ( )] 1 2xy
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2 . Error bars represent one standard deviation.
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FIG. 1. Chiral Majorana edge currents and
temperature-magnetic field phase diagram of α-
RuCl3. a,b, Schematic illustrations of heat conductions in
the integer quantum Hall state of 2D electron gas (a) and
Kitaev QSL state (b) in magnetic field applied perpendicular
to the planes (gray arrows). In the red (blue) regime, the
temperature is higher (lower). The red and blue arrows rep-
resent thermal flow. In the quantum Hall state, the skipping
orbits of electrons (green spheres) at the edge, which form 1D
edge channels, conduct heat and κxy is negative in sign. In
the Kitaev QSL state, spins are fractionalized into Majorana
fermions (yellow spheres) and Z2 fluxes (black hexagons). The
heat is carried by chiral edge currents of charge neutral Ma-
jorana fermions and κxy is positive in sign. c, Phase diagram
of α-RuCl3 in tilted field of θ = 60◦. Open and closed dia-
monds represent the onset temperature of AFM order with
zigzag type TN determined by T - and H-dependences of κxx,
respectively. Below T ∼ JK/kB , the spin liquid (Kitaev para-
magnetic) state appears. At µ0H

∗
∥ ∼ 7T, TN vanishes (blue

arrow). A half-integer quantized plateau of 2D thermal Hall
conductance is observed in the red regime. Open blue squares
represent the fields at which the thermal Hall response dis-
appears. Red circle indicates a topological phase transition
point that separates the non-trivial QSL state with topolog-
ically protected chiral Majorana edge currents and a trivial
state, such as non-topological spin liquid or forced ferromag-
netic state.

netic (AFM) order with zigzag spin structure (Fig. 1c) at
TN ≈ 7K [22] due to non-Kitaev interactions, such as
Heisenberg exchange and off-diagonal interactions. Al-
though the thermal Hall conductance has been measured
in α-RuCl3, the quantization is not observed because the
low temperature properties of the liquid state is masked
by the AFM order [23].
The response of α-RuCl3 to magnetic fields is highly

anisotropic [8, 11, 12, 24, 25]. It has been reported that
while TN is little influenced by external magnetic field
perpendicular to the 2D plane, TN is dramatically sup-
pressed by the parallel field. This highly anisotropic re-
sponse is confirmed by the measurements of longitudinal
thermal conductivity κxx in magnetic field H applied
along various directions in the ac plane as shown in the
inset of Fig. 2a, where H∥ = H sin θ and H⊥ = H cos θ
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FIG. 2. Longitudinal thermal conductivity in α-
RuCl3. a, Temperature dependence of κxx in magnetic field
H applied along various directions in the ac plane. Inset il-
lustrates a schematic of the measurement setup for κxx and
κxy. b, κxx at θ=60◦ plotted as a function of parallel field
component H∥. Inset shows TN vs. H∥ at different field direc-
tions. TN is determined by the T -dependence of κxx shown
in Fig. 2a (open symbols) and by the minimum in the H-
dependence of κxx (filled symbols) shown by arrows in the
main panel. The crosses are TN for θ = 90◦ determined from
magnetic susceptibility measurements [27].

are the field component parallel and perpendicular to the
a axis, respectively, and θ is the angle between H and
the c axis. In zero field, κxx exhibits a distinct kink at
TN , as shown in Fig. 2a. While this kink is observed in
perpendicular field (θ = 0◦) of 12T at the same tem-
perature, no kink anomaly is observed in parallel field
(θ = 90◦) of 7T [11, 12]. In Fig. 2a, we also plot κxx

in applied magnetic field of 8T tilted away from the c
axis (θ = 60◦, H∥ ∼ 7T). Similar to the case of parallel
field, no kink anomaly is observed. Figure 1b displays
the phase diagram in tilted field of θ = 60◦, where TN is
plotted as a function of H∥. We determined TN by the
kink of T -dependence of κxx and by the minimum in the
H-dependence of κxx (see Fig. 2b and Extended Data
Figs. 1 and 2). The inset of Fig. 2b shows TN plotted as
a function of H∥ for θ = 45◦, 60◦ and 90◦. While TN for
θ = 60◦ well coincides with that for 90◦ and vanishes at
the same critical field of H∗

∥ ≈ 7T, TN for 45◦ vanishes
at around H∥ ≈ 6T. Although TN is not perfectly scaled
by H∥, these results demonstrate the quasi-2D nature of
the magnetic properties.
Above H∗

∥ where the AFM order melts, the presence
of a peculiar spin liquid state has been suggested by the
nuclear magnetic resonance (NMR) and neutron scatter-
ing measurements. The former reports the presence of
spin gap [26] and the latter reveals unusual continuous
spin excitations [27]. These magnetic properties are con-
sistent with those expected in a Kitaev-type spin liquid
state.
To study the thermal Hall effect in the spin liquid state

above H∗
∥ , κxy is measured by sweeping field in tilted di-

rections and obtained by anti-symmetrizing thermal re-
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We show that any critical transition region between two adjacent Hall plateaus in either integer or
fractional quantum Hall effect is characterized by a universal "semicircle" relationship between the
longitudinal and transverse conductivities a-,.„o-„,provided the sample is homogeneous and isotropic
on a large scale. This is demonstrated both for the phase-coherent quantum transport as well as for the
incoherent transport.

PACS numbers: 73.40.Hm

Recently there has been much interest in the study
of transition regions between successive quantum Hall
plateaus, in both the integer and the fractional regime.
Most of these studies have been focused on how the
transition region width AB scales with temperature at low
temperatures [1]. Experimentally, it has been noted that
the critical dependence AB ~ T can be extracted either
directly from the half-width of the peak in o„(B)or fr. om
the sharpness of the step in Hall conductivity cr„,(B).
Thus it has been realized, on intuitive ground at least,
that the peaklike o„(B)funct. ion and the steplike cr,~(B)
function in the transition region between two successive
plateaus are related. In the one-particle theory of the
integer quantum Hall effect, existence of a dependence
0 vs 0 y was studied in the framework of a scaling
analysis [2]. Based on a semiclassical model that the
transition region, in the critical regime, is represented by
a random mixture of two liquids with different quantized
local Hall conductivities crt and o.2, Dykhne and Ruzin [3]
recently developed a phenomenological theory to show
that o- and o-,y are related by a simple "semicircle"
relation:

~l + ~2 O 1
—O2

Physically, a finite effective longitudinal conductivity o.„
at T 0 is related to the existence of singularities
in the current distribution ("hot spots") close to the
percolation threshold. To derive relation (1), the authors
in Ref. [3] assumed a very weak scattering in the bulk
and described it by a local diagonal conductivity o.,"' «
o-2 —0.1, defined on a scale shorter than the correlation
length of the two-phase mixture. This description is
essentially classical and does not apply to the most
experimentally studied low-temperature regime where
quantum coherence exists on a much larger scale.
In this Letter, we demonstrate that the same simple

relationship between o and 0-
y holds in the quantum

coherent transport regime as well. We achieve this by first
proving a theorem that the semicircle relation between
o- and cr y is equivalent to the perpendicularity between

the average current densities in the two phases. We
then show by simulations on the quantum percolation
model that the currents are indeed perpendicular to a high
accuracy, thus finishing the demonstration.
As in Ref. [3], let us consider two competing quantum

Hall liquids in the presence of a long-range random po-
tential, with the magnetic field determining volume frac-
tions (close to 1/2), as depicted in Fig. 1(a). The "white"
regions represent the phase with quantized Hall conduc-
tivity cr1, such that if this phase percolates freely through-
out the sample, the system will be on the Hall plateau with
cr y = o-1. Similarly, the "black" regions have local Hall
conductivity cr2. Near the percolation threshold, transport

A4

(b)

A3

(c)
FICJ. l. (a) Schematic illustration of the random quantum per-
colation model for describing the transition between successive
quantum Hall plateaus. (b) A single saddle point magnified.
(c) The Chalker-Coddington network model (cr~ ( cr&)
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semicircle “law”

But for RuCl3, thermal Hall angle ~ 10-3 !!
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Hall conductance for the 2D pure Kitaev model calculated with the 
quantum Monte Carlo method show that quantization occurs slightly 
below ∆F/kB. Experimentally, ∆F/kB is estimated25 to be 10 K, which 
is consistent with the persistence of the thermal Hall quantization up 
to around 5 K.

In the plateau regime of κxy, no anomaly is observed in κxx, probably 
because phonon contributions largely dominate over fermionic excita-
tions arising from spins in κxx in the whole temperature range28,29. 
Moreover, owing to the strong spin–phonon coupling in α-RuCl311, the 
phonon conductivity is expected to show complicated H and T depend-
ences. The observed behaviour of the plateau as a function of H and T 
therefore demonstrates that κxy/T is not affected by spin–phonon scat-
tering in the plateau regime, providing strong support for topological 
protection. The fact that κxy vanishes at the highest fields, as shown 
in Fig. 3a–c, e–g, provides direct evidence that the thermal Hall effect 
is not influenced by phonons, demonstrating that κxy is a unique and 
powerful probe in the search for Majorana quantization.

We stress that a half-integer thermal Hall conductance in a bulk 
material is a direct consequence of the chiral Majorana edge current. 
Recent experiments based on the proximity effect between a quantum 
anomalous Hall insulator and a conventional superconductor have 
reported a signature of chiral Majorana edge modes20. However, this is 
based on the observation of half-integer quantization of the longitudi-
nal electrical conductance via the scattering matrix effect between the 
edge states of the insulator and superconductor. Moreover, Majorana 
fermions in Kitaev magnets and topological superconductors have 
essentially different features. In the former, strong correlations give 
rise to Majorana fermions, whereas in the latter they do not play a role. 
In addition, Majorana fermions exist inside the bulk of a sample in the 
Kitaev QSL state, in sharp contrast to topological superconductors, 
where they appear only at the edges. This distinct nature of Majorana 
fermions is supported by the fact that the quantum plateau disappears 
below about 400 mK in a topological superconductor device20, whereas 
it is preserved up to around 5 K in α-RuCl3.

At θ = 60°, κ /H T( )xy
2D  increases slightly from the quantized value 

before going to zero at a high field at 4.3 K and 4.9 K, which is repro-
duced in a different crystal (Extended Data Fig. 5a). However, such a 
behaviour is not observed at θ = 45°. On the other hand, an overshoot 
is also observed in the temperature dependence of κxy

2D, irrespective of 
the angle (Fig. 4) and crystal (Extended Data Fig. 5b); therefore, there 
seem to be certain high-energy corrections that are responsible for the 
excess conductivity at high fields and high temperatures. These over-
shoots are in contrast to the numerical results of the thermal Hall effect 
for the 2D pure Kitaev model with a weak magnetic field16. Meanwhile, 
it has been pointed out that non-Kitaev interactions, such as Heisenberg 
and off-diagonal ones, are important for α-RuCl3

30,31. Hence, the 

discrepancy may be attributed to high-field effects or non-Kitaev inter-
actions, which deserves further study.

The near vanishing of κ /Txy
2D  after its rapid suppression in the high-

field regime (Fig. 3a–c, e–g) demonstrates the disappearance of chiral 
Majorana edge currents. As shown by the open blue square in Fig. 1c, 
the temperature at which κ /Txy

2D  vanishes decreases rapidly with 
decreasing H∥. This suggests a topological quantum phase transition 
from the non-trivial QSL to a trivial high-field state, where the thermal 
Hall effect is absent, at µ0H∥ ≈ 9 T, as shown by the red circle in 
Fig. 1c32. The specific heat at 0.47 K for θ = 60° exhibits a dip-like 
anomaly in the vicinity of 9 T, which can be associated with an abrupt 
change of the spin gap at the topological transition, strongly supporting 
the presence of a characteristic field revealed by κxy/T (Extended Data 
Fig. 7a–c). The vanishing of κxy/T at the highest fields is unlikely to be 
due to the crossover to a simple forced ferromagnetic state because the 
magnetization at 9 T is less than 1/3 of the fully polarized value, indi-
cating that paramagnetic spins still remain. The observation of half- 
integer thermal Hall conductance reveals that topologically protected 
chiral Majorana edge currents persist in α-RuCl3, even in the presence 
of non-Kitaev interactions and a parallel field. This observation opens 
a possibility of using Majorana fermions and their link to non-Abelian 
anyons, which are important for topological quantum computing, 
revealing novel aspects of strongly correlated topological quantum 
matters.

Online content
Any Methods, including any statements of data availability and Nature Research 
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From Y. Kasahara et al

Q: Can quantized thermal Hall effect 
persist when phonons dominate 
bulk conductivity?

A: Yes, and phonons actually help to 
make the effect observable.  
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: Temperature of phonons in not constant at the edge
?? Could edge be out of equilibrium with the 
phonons and have constant T??

- but: in that case, which T is measured?



Formulation

jbulk = �rTHOT COLD

jex

leads coupled 
to the lattice

• Assume spins go into nonabelian QSL phase: bulk spin 
gap, chiral edge state 

• Include bulk phonons with no Hall conductivity 

• Majoranas and phonons can exchange energy at the edge 
of the sample



Formulation

jbulk = �rTHOT COLD

jex

leads coupled 
to the lattice

• Variables: 

• Tph(x,y) = phonon temperature in bulk 

• Tf(x,Ly) etc = fermion temperature at edge



Formulation

jbulk = �rTHOT COLD

jex

leads coupled 
to the lattice

• Currents: 

• Bulk  

• Edge

jph = �rTph
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Formulation

jbulk = �rTHOT COLD

jex

leads coupled 
to the lattice

• Continuity: 

• Bulk  

• Edge

r · jph = 0
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@xIf = ±jex
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FIG. 1. Temperature maps of our rectangular system with dimen-
sions Lx and Ly consisting of a phonon bulk (lower box) and a Ma-
jorana fermion edge (upper edge). The phonon temperatures at the
left and right edges are assumed to be fixed as Tl,r , respectively, due
to the coupling of the lattice with the heater and thermal bath. The
black arrows for If along the edge denote the direction and mag-
nitude of the “clockwise” energy current associated with the chiral
Majorana mode. The white arrows in the bulk show a stream line
of jph. The 3d white arrows for jex indicate the energy current be-
tween the Majorana edge and bulk phonons. (�T )ph

H
and (�T )f

H

are the measured “Hall” temperature differences when the contacts
are coupled to the lattice or spins, respectively.

tions describing the energy transport. We consider the fol-
lowing two subsystems: the phonons, or lattice, located in
the bulk, and denoted with the index “ph”, and the Majorana
fermions, or spins, confined to the edge and indexed by “f”, as
well as a coupling between them. For simplicity, we assume
an isotropic bulk, with the relation

jph = �rTph, (1)

i.e., the energy current density in the bulk is parallel to the
thermal gradient, with  a characteristic of the lattice. The
“clockwise” edge current is that of a chiral fermion with cen-
tral charge c = 1/2, i.e.,

If =
⇡cT

2
f

12
=

⇡T
2
f

24
. (2)

The heat exchange between the phonons and Majoranas can
be modeled phenomenologically through an energy current
jex between the two subsystems (see the arrows in Fig. 1
for currents jph, If , jex). Microscopically, it is due to the
scattering events between edge Majorana fermions and bulk
phonons, and is the rate of energy transfer at the edge per unit
length, i.e., jex ⌘ 1

L

�
@E
@t

�
ph!f

= � 1
L

�
@E
@t

�
f!ph

, where L is
the length of the edge in evaluating

�
@E
@t

�
ph!f

[i.e., L = Lx,
resp. L = Ly , for jex(top/bottom), resp. jex(left/right)].
This in turn implies that the phonons and Majoranas have not
fully thermalized with one another. Assuming, however, that
thermalization is almost complete, i.e., Tf ⇡ Tph, and that
the fermions are strictly confined to the edge, the exchange
heat current jex can be linearized in the temperature differ-
ence Tph � Tf at the edge,

jex = �(T )(Tph � Tf ), (3)

where, crucially, � > 0 is a function of the overall constant
temperature T ⇡ Tph,f , and can be parametrized as �(T ) ⇠
T

↵. We will determine ↵ from a phase space analysis of the
scattering events.

Hydrodynamic equations.—We assume our (two-
dimensional) system to be a rectangular slab of width
Ly and length Lx & Ly (see Fig. 1), and choose coordinates
with |x| < x0 = Lx/2 and |y| < y0 = Ly/2.

The continuity equation in the bulk in a steady state is r ·
jph(x, y) = 0 which implies the Laplace equation

r2
Tph(x, y) = 0. (4)

Energy conservation at the edges gives rise to appropriate
boundary conditions. At the left and right edges, we as-
sume that only the lattice is coupled to thermal leads and
the phonons have fixed constant temperatures, Tl,r, respec-
tively. At the top and bottom edges, the current out of the
phonon subsystem must equal the exchange current, hence
±j

y

ph
(x,±y0) = jex(x,±y0). Moreover, the continuity equa-

tions for the edges imply ±@xIf (x,±y0) = jex(x,±y0). To-
gether these yield, given Eqs. (1) and (2),

@yTph(x,±y0) = �
q
xy

@xTf (x,±y0). (5)

Note the appearance of the ideal quantized Hall conductivity


q

xy
= ⇡cT/6 = ⇡T/12 here, using Tf ⇡ T , which is valid

within our linearized treatment.
Quantization in the infinitely long limit.—For simplicity, we

first solve our hydrodynamic equations in the limit of an in-
finitely long system (Lx ! 1). Note that, even for finite
systems with Lx � Ly , this infinitely long limit is expected
to be relevant far away from the left and right edges.

Since there is translation symmetry in the x direction, the
boundary conditions Tph(±x0, y) = Tr,l lead to a uniform
temperature gradient dT

dx
= limLx!1

Tr�Tl

Lx

, and the phonon
and Majorana temperatures must take the forms

(
Tph(x, y) = dT

dx
x + T̂ (y) + const.

Tf (x,±y0) = dT

dx
x + const.

(6)

Laplace’s equation, Eq. (4), immediately implies that T̂ (y)
must be a linear function of y which we write T̂ (y) =
(�T )ph

H

Ly

y. Therefore, from Eq. (5), we get the following con-
stant phonon temperature gradient in the y-direction:

@yTph(x, y) = �


q
xy



dT

dx
, (7)

since @yTph(x, y) = @yTph(x,±y0). From a phenomenologi-
cal perspective, the total current in the Hall bar geometry must
flow only along x, but Eq. (7) implies that the phonon thermal
gradient is tilted from the current axis by a small Hall angle
of tan ✓H = 

q

xy
/ ⌧ 1.

Next consider the view of Alice the experimentalist. She
measures the temperature gradients via three contacts, and
assumes for the moment that these measurements give the
phonon temperature (the most reasonable assumption). To
deduce the Hall conductivity, she posits a bulk heat current
satisfying j = �ph,expt · rT , and tries to deduce the ten-
sor ph,expt (the ph superscript means this quantity is ob-
tained from a measurement of the phonon temperature). By

,
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FIG. 1. Temperature maps of our rectangular system with dimen-
sions Lx and Ly consisting of a phonon bulk (lower box) and a Ma-
jorana fermion edge (upper edge). The phonon temperatures at the
left and right edges are assumed to be fixed as Tl,r , respectively, due
to the coupling of the lattice with the heater and thermal bath. The
black arrows for If along the edge denote the direction and mag-
nitude of the “clockwise” energy current associated with the chiral
Majorana mode. The white arrows in the bulk show a stream line
of jph. The 3d white arrows for jex indicate the energy current be-
tween the Majorana edge and bulk phonons. (�T )ph

H
and (�T )f

H

are the measured “Hall” temperature differences when the contacts
are coupled to the lattice or spins, respectively.

tions describing the energy transport. We consider the fol-
lowing two subsystems: the phonons, or lattice, located in
the bulk, and denoted with the index “ph”, and the Majorana
fermions, or spins, confined to the edge and indexed by “f”, as
well as a coupling between them. For simplicity, we assume
an isotropic bulk, with the relation

jph = �rTph, (1)

i.e., the energy current density in the bulk is parallel to the
thermal gradient, with  a characteristic of the lattice. The
“clockwise” edge current is that of a chiral fermion with cen-
tral charge c = 1/2, i.e.,

If =
⇡cT

2
f

12
=

⇡T
2
f

24
. (2)

The heat exchange between the phonons and Majoranas can
be modeled phenomenologically through an energy current
jex between the two subsystems (see the arrows in Fig. 1
for currents jph, If , jex). Microscopically, it is due to the
scattering events between edge Majorana fermions and bulk
phonons, and is the rate of energy transfer at the edge per unit
length, i.e., jex ⌘ 1

L

�
@E
@t

�
ph!f

= � 1
L

�
@E
@t

�
f!ph

, where L is
the length of the edge in evaluating

�
@E
@t

�
ph!f

[i.e., L = Lx,
resp. L = Ly , for jex(top/bottom), resp. jex(left/right)].
This in turn implies that the phonons and Majoranas have not
fully thermalized with one another. Assuming, however, that
thermalization is almost complete, i.e., Tf ⇡ Tph, and that
the fermions are strictly confined to the edge, the exchange
heat current jex can be linearized in the temperature differ-
ence Tph � Tf at the edge,

jex = �(T )(Tph � Tf ), (3)

where, crucially, � > 0 is a function of the overall constant
temperature T ⇡ Tph,f , and can be parametrized as �(T ) ⇠
T

↵. We will determine ↵ from a phase space analysis of the
scattering events.

Hydrodynamic equations.—We assume our (two-
dimensional) system to be a rectangular slab of width
Ly and length Lx & Ly (see Fig. 1), and choose coordinates
with |x| < x0 = Lx/2 and |y| < y0 = Ly/2.

The continuity equation in the bulk in a steady state is r ·
jph(x, y) = 0 which implies the Laplace equation

r2
Tph(x, y) = 0. (4)

Energy conservation at the edges gives rise to appropriate
boundary conditions. At the left and right edges, we as-
sume that only the lattice is coupled to thermal leads and
the phonons have fixed constant temperatures, Tl,r, respec-
tively. At the top and bottom edges, the current out of the
phonon subsystem must equal the exchange current, hence
±j

y

ph
(x,±y0) = jex(x,±y0). Moreover, the continuity equa-

tions for the edges imply ±@xIf (x,±y0) = jex(x,±y0). To-
gether these yield, given Eqs. (1) and (2),

@yTph(x,±y0) = �
q
xy

@xTf (x,±y0). (5)

Note the appearance of the ideal quantized Hall conductivity


q

xy
= ⇡cT/6 = ⇡T/12 here, using Tf ⇡ T , which is valid

within our linearized treatment.
Quantization in the infinitely long limit.—For simplicity, we

first solve our hydrodynamic equations in the limit of an in-
finitely long system (Lx ! 1). Note that, even for finite
systems with Lx � Ly , this infinitely long limit is expected
to be relevant far away from the left and right edges.

Since there is translation symmetry in the x direction, the
boundary conditions Tph(±x0, y) = Tr,l lead to a uniform
temperature gradient dT

dx
= limLx!1

Tr�Tl

Lx

, and the phonon
and Majorana temperatures must take the forms

(
Tph(x, y) = dT

dx
x + T̂ (y) + const.

Tf (x,±y0) = dT

dx
x + const.

(6)

Laplace’s equation, Eq. (4), immediately implies that T̂ (y)
must be a linear function of y which we write T̂ (y) =
(�T )ph

H

Ly

y. Therefore, from Eq. (5), we get the following con-
stant phonon temperature gradient in the y-direction:

@yTph(x, y) = �


q
xy



dT

dx
, (7)

since @yTph(x, y) = @yTph(x,±y0). From a phenomenologi-
cal perspective, the total current in the Hall bar geometry must
flow only along x, but Eq. (7) implies that the phonon thermal
gradient is tilted from the current axis by a small Hall angle
of tan ✓H = 

q

xy
/ ⌧ 1.

Next consider the view of Alice the experimentalist. She
measures the temperature gradients via three contacts, and
assumes for the moment that these measurements give the
phonon temperature (the most reasonable assumption). To
deduce the Hall conductivity, she posits a bulk heat current
satisfying j = �ph,expt · rT , and tries to deduce the ten-
sor ph,expt (the ph superscript means this quantity is ob-
tained from a measurement of the phonon temperature). By
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phonon Hall angle corresponds to quantization! Implies 
quantization in 3 probe experiment measuring Tph
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Majorana temperature not equal to phonon one.  It is 
actually better to measure phonon temperature!



Finite Hall bar

• Solve coupled Laplace and 
boundary equations, with 
constant temperature leads. 

• Reveals dependence on 
“thermalization length” 
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From a purely phenomenological perspective, given the ap-

plied temperature gradient (@xTph) = dT
dx , the phonon sys-

tem can be viewed as one with a longitudinal conductivity
xx = , and an effective thermal Hall conductivity 

ph
xy

.
changed back to the previous statement– Indeed, by demand-
ing that there is no effective energy current in the transverse
direction, j

0y
ph

= �
ph
xy

@xTph � @yTph = 0, this effective
thermal Hall conductivity is readily found to take its quantized
value:


ph
xy

= � (@yTph)

(@xTph)
= � (@yTph)

dT
dx

= 
q
xy

=
⇡T

12
. (8)

A few remarks are in order. First, much like in the classical
(electrical) Hall effect where a transverse (“Hall”) voltage de-
velops which allows a transverse current to compensate that
from the Hall effect, a “Hall thermal gradient” appears here,
(�T )ph

H
/Ly , which allows to compensate the transverse en-

ergy current at the edges. Second, importantly, this effective
thermal Hall conductivity is only found to be quantized if the
transverse temperature gradient is obtained from the phonon

temperatures at the top and bottom edges. In contrast, if it is
obtained from the corresponding Majorana temperatures, the
transverse temperature gradient is identified as (�T )f

H
/Ly

and thus, from Eqs. (3) and (5), the effective thermal Hall con-
ductivity is found to be


f
xy

=
(�T )f

H

Ly
dT

dx

=
⇡T

12

✓
1 +

2

�(T )Ly

◆
. (9)

Note that 
f
xy

⇡ 
ph
xy

only for a large enough phonon-
Majorana coupling �(T ) � /Ly .

General conditions for quantization.—To understand how
the quantization of the effective thermal Hall conductivity can
break down and determine the range of its applicability, we
now extend the solution of our hydrodynamic equations to a
finite system with Lx & Ly , where we must take into account
all boundary conditions, i.e. include the right and left bound-
ary conditions on top of those in Eqs . Again assuming that
the leads are coupled to the phonons only, those are:

(
Tph(±x0, y) = Tr,l

jex(±x0, y) = �(T )(Tph � Tf ) = ⌥
q
xy

@yTf

. (10)

Considering a small enough phonon-Majorana coupling �,
we aim to obtain a perturbative solution of the hydrodynamic
equations. To this end, we write

(
Tph(x, y) = T + T̃ph(x, y)

Tf (x, y) = T + T̃f (x, y)
, (11)

with T̃ph,f (x, y) ⌧ T , and the temperature variations in se-
ries expansions as T̃ph =

P1
n=0 T̃

(n)
ph

and T̃f =
P1

n=0 T̃
(n)
f

and assume that terms of increasing order n are progressively
less important. Note also that T̃ph(x, y) = �T̃ph(�x,�y)
and T̃f (x, y) = �T̃f (�x,�y) generally follow from the sym-
metries of the hydrodynamic equations. Starting from the

-Lx/2 Lx/2
Tr

Tl

x

T
f,
p
h

(Δ )HT
ph

(Δ )HT
f

(a)

-Lx/2 Lx/2
0

1

x

κ
xyp
h
/κ
xyq

(b)

FIG. 2. Measured thermal Hall conductivity ph
xy (Eq. (14)) as a

function of the longitudinal position x at which (�T )ph
H

are mea-
sured for different aspect ratios Lx/Ly and dimensionless thermal
couplings �Lx/

q
xy: (a) for Lx/Ly = {100, 10, 4, 1} at fixed

�Lx/
q
xy = 100, and (b) for �Lx/

q
xy = {100, 10, 2, 0.5} at

fixed Lx/Ly = 100. In each case, the four different values in the
curly brackets correspond to the solid line, the dashed-dotted line,
the dashed line, and the dotted line, respectively.

� = 0 solution, T̃
(0)
ph

(x, y) = dT

dx
x and T̃

(0)
f

(x, y) = 0, the
temperature variations can then be found by an iterative proce-
dure. At each iteration step n > 0, we first solve the ordinary
differential equations [see Eqs. (5) and (10)]


q
xy

@xT̃
(n)
f

= ±�

h
T̃

(n�1)
ph

� T̃
(n)
f

i
for y = ±y0,


q
xy

@yT̃
(n)
f

= ⌥�

h
T̃

(n�1)
ph

� T̃
(n)
f

i
for x = ±x0, (12)

for the Majorana temperature T̃
(n)
f

along the edge. Then, us-
ing this solution, we obtain an appropriate Laplace equation
r2

T̃
(n)
ph

= 0 for the phonon temperature T̃
(n)
ph

in the bulk,
along with Dirichlet boundary conditions T̃

(n)
ph

(±x0, y) = 0
at the left and right edges, and Neumann boundary conditions

ryT̃
(n)
ph

= ±�



h
T̃

(n)
f

� T̃
(n�1)
ph

i
for y = ±y0, (13)

at the top and bottom edges. It is well known that such a
Laplace equation with mixed Dirichlet and Neumann bound-
ary conditions has a unique solution that can be obtained by
standard methods. After each iteration step n, the only error
in the temperature corrections T̃

(n)
ph

and T̃
(n)
f

is due to the ab-
sence of T̃

(n)
ph

on the right-hand sides of Eqs. (12) and (13).
Indeed, including this term would precisely give rise to the
next temperature corrections T̃

(n+1)
ph

and T̃
(n+1)
f

. Neverthe-
less, it follows from Eq. (13) that successive temperature cor-
rections T̃

(n)
ph

are progressively less important and hence our
perturbative solution is convergent whenever � ⌧ /Ly [16].

Assuming this condition, we perform the first iteration step
(see Supplemental Material) to calculate the phonon tempera-
ture T̃

(1)
ph

and obtain the effective thermal Hall conductivity in
terms of the transverse temperature difference (�T )ph

H
:


ph
xy

(x) = � 

dT

dx
Ly

h
T̃

(1)
ph

(x, y0) � T̃
(1)
ph

(x,�y0)
i
. (14)

Ly/Lx = 0.01

= 0.01, 0.1, 1

`x/Lx
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Bulk-edge decoupling3

From a purely phenomenological perspective, given the ap-

plied temperature gradient (@xTph) = dT
dx , the phonon sys-

tem can be viewed as one with a longitudinal conductivity
xx = , and an effective thermal Hall conductivity 

ph
xy

.
changed back to the previous statement– Indeed, by demand-
ing that there is no effective energy current in the transverse
direction, j

0y
ph

= �
ph
xy

@xTph � @yTph = 0, this effective
thermal Hall conductivity is readily found to take its quantized
value:


ph
xy

= � (@yTph)

(@xTph)
= � (@yTph)

dT
dx

= 
q
xy

=
⇡T

12
. (8)

A few remarks are in order. First, much like in the classical
(electrical) Hall effect where a transverse (“Hall”) voltage de-
velops which allows a transverse current to compensate that
from the Hall effect, a “Hall thermal gradient” appears here,
(�T )ph

H
/Ly , which allows to compensate the transverse en-

ergy current at the edges. Second, importantly, this effective
thermal Hall conductivity is only found to be quantized if the
transverse temperature gradient is obtained from the phonon

temperatures at the top and bottom edges. In contrast, if it is
obtained from the corresponding Majorana temperatures, the
transverse temperature gradient is identified as (�T )f

H
/Ly

and thus, from Eqs. (3) and (5), the effective thermal Hall con-
ductivity is found to be


f
xy

=
(�T )f

H

Ly
dT

dx

=
⇡T

12

✓
1 +

2

�(T )Ly

◆
. (9)

Note that 
f
xy

⇡ 
ph
xy

only for a large enough phonon-
Majorana coupling �(T ) � /Ly .

General conditions for quantization.—To understand how
the quantization of the effective thermal Hall conductivity can
break down and determine the range of its applicability, we
now extend the solution of our hydrodynamic equations to a
finite system with Lx & Ly , where we must take into account
all boundary conditions, i.e. include the right and left bound-
ary conditions on top of those in Eqs . Again assuming that
the leads are coupled to the phonons only, those are:

(
Tph(±x0, y) = Tr,l

jex(±x0, y) = �(T )(Tph � Tf ) = ⌥
q
xy

@yTf

. (10)

Considering a small enough phonon-Majorana coupling �,
we aim to obtain a perturbative solution of the hydrodynamic
equations. To this end, we write

(
Tph(x, y) = T + T̃ph(x, y)

Tf (x, y) = T + T̃f (x, y)
, (11)

with T̃ph,f (x, y) ⌧ T , and the temperature variations in se-
ries expansions as T̃ph =

P1
n=0 T̃

(n)
ph

and T̃f =
P1

n=0 T̃
(n)
f

and assume that terms of increasing order n are progressively
less important. Note also that T̃ph(x, y) = �T̃ph(�x,�y)
and T̃f (x, y) = �T̃f (�x,�y) generally follow from the sym-
metries of the hydrodynamic equations. Starting from the

-Lx/2 Lx/2
Tr

Tl

x

T
f,
p
h

(Δ )HT
ph

(Δ )HT
f

(a)

-Lx/2 Lx/2
0

1

x

κ
xyp
h
/κ
xyq

(b)

FIG. 2. Measured thermal Hall conductivity ph
xy (Eq. (14)) as a

function of the longitudinal position x at which (�T )ph
H

are mea-
sured for different aspect ratios Lx/Ly and dimensionless thermal
couplings �Lx/

q
xy: (a) for Lx/Ly = {100, 10, 4, 1} at fixed

�Lx/
q
xy = 100, and (b) for �Lx/

q
xy = {100, 10, 2, 0.5} at

fixed Lx/Ly = 100. In each case, the four different values in the
curly brackets correspond to the solid line, the dashed-dotted line,
the dashed line, and the dotted line, respectively.

� = 0 solution, T̃
(0)
ph

(x, y) = dT

dx
x and T̃

(0)
f

(x, y) = 0, the
temperature variations can then be found by an iterative proce-
dure. At each iteration step n > 0, we first solve the ordinary
differential equations [see Eqs. (5) and (10)]


q
xy

@xT̃
(n)
f

= ±�

h
T̃

(n�1)
ph

� T̃
(n)
f

i
for y = ±y0,


q
xy

@yT̃
(n)
f

= ⌥�

h
T̃

(n�1)
ph

� T̃
(n)
f

i
for x = ±x0, (12)

for the Majorana temperature T̃
(n)
f

along the edge. Then, us-
ing this solution, we obtain an appropriate Laplace equation
r2

T̃
(n)
ph

= 0 for the phonon temperature T̃
(n)
ph

in the bulk,
along with Dirichlet boundary conditions T̃

(n)
ph

(±x0, y) = 0
at the left and right edges, and Neumann boundary conditions

ryT̃
(n)
ph

= ±�



h
T̃

(n)
f

� T̃
(n�1)
ph

i
for y = ±y0, (13)

at the top and bottom edges. It is well known that such a
Laplace equation with mixed Dirichlet and Neumann bound-
ary conditions has a unique solution that can be obtained by
standard methods. After each iteration step n, the only error
in the temperature corrections T̃

(n)
ph

and T̃
(n)
f

is due to the ab-
sence of T̃

(n)
ph

on the right-hand sides of Eqs. (12) and (13).
Indeed, including this term would precisely give rise to the
next temperature corrections T̃

(n+1)
ph

and T̃
(n+1)
f

. Neverthe-
less, it follows from Eq. (13) that successive temperature cor-
rections T̃

(n)
ph

are progressively less important and hence our
perturbative solution is convergent whenever � ⌧ /Ly [16].

Assuming this condition, we perform the first iteration step
(see Supplemental Material) to calculate the phonon tempera-
ture T̃

(1)
ph

and obtain the effective thermal Hall conductivity in
terms of the transverse temperature difference (�T )ph

H
:


ph
xy

(x) = � 

dT

dx
Ly

h
T̃

(1)
ph

(x, y0) � T̃
(1)
ph

(x,�y0)
i
. (14)

decreasing T

Expect failure of quantization at low 
enough temperature!

� ⇠ T 6
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Summary

jex

(�T )ph
H

(�T )f
H

Lx

Ly

Tf (x, y)

TrTl

jph(x, y)

If (x, y)

Tph(x, y)

• Quantized value of thermal Hall conductivity can be 
measured even when large phonon conductivity is present 

• Quantization is only power-law good, and deviations are 
controlled by edge-bulk equilibration

M. YE ET AL, PRL 2018 see also: Y. WINKLER-AVIV, PRX 2018



Smoking Gun?
Difficult to find incontrovertible and sharp 
indicator of a QSL!

Some new ones:

•Quantized thermal Hall conductivity 
in Kitaev’s non-abelian spin liquid 

•Silin spin wave and continuum in 
field-polarized spinon Fermi surface 
state

Matsuda

not yet 
observed



Spinon Fermi surface

• The most gapless/highly 
entangled QSL state 

• Like a “metal” of neutral 
fermions w/ a U(1) gauge field 

• Prototype “non-Fermi liquid” 
state of great theoretical 
interest

| i =
Y

i

n̂i(2� n̂i)
Y

k<kF

c†k"c
†
k#|0i

<latexit sha1_base64="kounsTF95ymt5JBqdYEXky/lS2M="></latexit>
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Triangular lattice w/ ring 
exchange

•Motrunich (2005): ring 
exchange stabilizes a 
spin liquid



Triangular lattice w/ ring 
exchange

•Motrunich (2005): ring 
exchange stabilizes a 
spin liquid

•Motrunich, Lee/Lee: spin 
liquid state favored by 
ring exchange is the 
“spinon Fermi sea” state



triangular organics

The issue of spin frustration has long been a central subject in the study of magnetism. In

particular, the possible spin liquid on triangular lattices has been of keen interest as a novel

quantum phase of matter and has become increasingly attractive with the idea that this state is

possibly behind high-Tc superconductivity (109). However, the triangular-lattice Heisenberg

model was found to have the 120-degree-oriented Néel ground state instead of any quantum-

disordered state (54). In such a situation, however, it is found that spin states without magnetic

ordering, which should be called spin liquid, were found in the two organic Mott insulators,

k-(ET)2Cu2(CN)3 and EtMe3Sb[Pd(dmit)2]2, which reside near the Mott transition. With the

use of chemical/physical pressure and intense theoretical works, the series of experiments

showed that the spin liquid is realized in a range of anisotropy of triangular lattices and in the

intermediately correlated regime on the verge of Mott transition, not in the strongly correlated

regime; namely, the electron itinerancy in the Mott insulator is key to realizing spin liquid on

quasi-triangular lattices. How the spin liquid connects to the metallic and superconducting

phases is a problem to consider in the future.

The nature of spin liquid in the two materials is mysterious. The excitation gap in

k-(ET)2Cu2(CN)3 is controversial; specific heat points to a gapless ground state, whereas

thermal conductivity behaves as though gapped by 0.46 K. The NMR relaxation rate exhibits

a power-law temperature dependence, which is in between the two extreme behaviors. As for

EtMe3Sb[Pd(dmit)2]2, both thermodynamic measurements are consistent with gapless excita-

tions, while the NMR relaxation rate may suggest a nodal gap. The result of thermal conduc-

tivity showing a T-linear term with a long mean-free path of mm will strongly constrain

theoretical models. Appearance of anomalies at finite temperatures can be a signature of some

kind of symmetry breaking. In this sense, the 5–6 K anomaly observed in NMR, specific heat,

and thermal conductivity in k-(ET)2Cu2(CN)3 points to this possibility. Interestingly, 1 K is the

characteristic temperature in the NMR relaxation rate for both materials, whereas it is not so
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Figure 17

Phase diagram for the b0-Pd(dmit)2 salts. Abbreviations: FP, frustrated paramagnetic (state); AFLO, antifer-
romagnetic long-range ordered (state); CO, charge-ordered (state); QSL, quantum spin liquid (state).
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Mott Transition from a Spin Liquid to a Fermi Liquid in the Spin-Frustrated Organic Conductor
!-!ET"2Cu2!CN"3

Y. Kurosaki,1 Y. Shimizu,1,2,* K. Miyagawa,1,3 K. Kanoda,1,3 and G. Saito2

1Department of Applied Physics, University of Tokyo, Bunkyo-ku, Tokyo, 113-8656, Japan
2Division of Chemistry, Kyoto University, Sakyo-ku, Kyoto, 606-8502, Japan

3CREST, Japan Science and Technology Corporation, Kawaguchi 332-0012, Japan
(Received 15 October 2004; revised manuscript received 6 April 2005; published 18 October 2005)

The pressure-temperature phase diagram of the organic Mott insulator !-!ET"2Cu2!CN"3, a model
system of the spin liquid on triangular lattice, has been investigated by 1H NMR and resistivity
measurements. The spin-liquid phase is persistent before the Mott transition to the metal or super-
conducting phase under pressure. At the Mott transition, the spin fluctuations are rapidly suppressed and
the Fermi-liquid features are observed in the temperature dependence of the spin-lattice relaxation rate
and resistivity. The characteristic curvature of the Mott boundary in the phase diagram highlights a crucial
effect of the spin frustration on the Mott transition.

DOI: 10.1103/PhysRevLett.95.177001 PACS numbers: 74.25.Nf, 71.27.+a, 74.70.Kn, 76.60.2k

Magnetic interaction on the verge of the Mott transition
is one of the chief subjects in the physics of strongly
correlated electrons, because striking phenomena such as
unconventional superconductivity emerge from the mother
Mott insulator with antiferromagnetic (AFM) order.
Examples are transition metal oxides such as V2O3 and
La2CuO4, in which localized paramagnetic spins undergo
the AFM transition at low temperatures [1]. The ground
state of the Mott insulator is, however, no more trivial
when the spin frustration works between the localized
spins. Realization of the spin liquid has attracted much
attention since a proposal of the possibility in a triangular-
lattice Heisenberg antiferromagnet [2]. Owing to the ex-
tensive materials research, some examples of the possible
spin liquid have been found in systems with triangular and
kagomé lattices, such as the solid 3He layer [3], Cs2CuCl4
[4], and !-!ET"2Cu2!CN"3 [5]. Mott transitions between
metallic and insulating spin-liquid phases are an interesting
new area of research.

The layered organic conductor !-!ET"2Cu2!CN"3 is the
only spin-liquid system to exhibit the Mott transition, to
the authors’ knowledge [5]. The conduction layer in
!-!ET"2Cu2!CN"3 consists of strongly dimerized ET
[bis(ethlylenedithio)-tetrathiafulvalene] molecules with
one hole per dimer site, so that the on-site Coulomb
repulsion inhibits the hole transfer [6]. In fact, it is a
Mott insulator at ambient pressure and becomes a metal
or superconductor under pressure [7]. Taking the dimer as a
unit, the network of interdimer transfer integrals forms a
nearly isotropic triangular lattice, and therefore the system
can be modeled to a half-filled band system with strong
spin frustration on the triangular lattice. At ambient pres-
sure, the magnetic susceptibility behaved as the triangular-
lattice Heisenberg model with an AFM interaction energy
J # 250 K [5,8]. Moreover, the 1H NMR measurements
provided no indication of long-range magnetic order down
to 32 mK. These results suggested the spin-liquid state at

ambient pressure. Then the Mott transition in
!-!ET"2Cu2!CN"3 under pressure may be the unprece-
dented one without symmetry breaking, if the magnetic
order does not emerge under pressure up to the Mott
boundary.

In this Letter, we report on the NMR and resistance
studies of the Mott transition in !-!ET"2Cu2!CN"3 under
pressure. The result is summarized by the pressure-
temperature (P -T) phase diagram in Fig. 1. The Mott

Superconductor

(Fermi liquid)

Crossover

(Spin liquid) onset TC

R = R0 + AT2

T1T = const.

(dR/dT)max

(1/T1T)max

Mott insulator

Metal

Pressure (10 -1GPa)

FIG. 1 (color online). The pressure-temperature phase diagram
of !-!ET"2Cu2!CN"3, constructed on the basis of the resistance
and NMR measurements under hydrostatic pressures. The Mott
transition or crossover lines were identified as the temperature
where 1=T1T and dR=dT show the maximum as described in the
text. The upper limit of the Fermi-liquid region was defined by
the temperatures where 1=T1T and R deviate from the Korringa’s
relation and R0 $ AT2, respectively. The onset superconducting
transition temperature was determined from the in-plane resis-
tance measurements.
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Evidence
• NMR

!103 s−1. Thus, this is an inhomogeneous broadening due to
static local fields. The observed local static fields are too
small for this system to be understood as a MLRO or spin-
glass state. The spectral tail is at most within "50 kHz,
which corresponds to a !Pd"dmit#2$2 moment of %0.05#B
judging from the hyperfine coupling constant mentioned be-
fore. Furthermore, the tail is composed of the minor fraction
of the spectrum, while the dominant fraction stays at the
center with little shift. This means that the small local mo-
ment exists only on a minority of the !Pd"dmit#2$2 dimers.
We also measured 13C-NMR spectra of EtMe3P!Pd"dmit#2$2
for comparison as shown in Fig. 4"b#. The gradual inhomo-
geneous broadening at low temperatures is also observed
even in EtMe3P!Pd"dmit#2$2, which enters a nonmagnetic
state below 25 K with a full spin gap. Therefore, the broad-
ening observed in the two salts is not due to bulk magnetism,
but most probably due to the impurity Curie spins caused by
slight crystal imperfections. As a consequence, our analysis
of the spectra also concludes that EtMe3Sb!Pd"dmit#2$2 does
not undergo either spin ordering or freezing at least down to
1.37 K.

The observed broadening is larger in
EtMe3Sb!Pd"dmit#2$2 than in EtMe3P!Pd"dmit#2$2. The mag-
netization nucleated around locally symmetry-broken sites
generally extends for a distance characterized by a spatial
spin correlation length. In the ground state, the correlation
length is roughly estimated to be %J /$, where $ is the spin
gap of the system; if $ is zero, the correlation length di-
verges and, as a result, a power-law decay of the spatial
correlation function is expected. EtMe3P!Pd"dmit#2$2 has a
short correlation length because of the existence of the sig-
nificant spin gap, while EtMe3Sb!Pd"dmit#2$2 has a compara-
tively long correlation length or a power-law decay of the
correlation function because of the absence of an appreciable
spin gap. This is likely the reason why the broadening of
EtMe3Sb!Pd"dmit#2$2 is larger. It was reported that the
13C-NMR spectra of %-"BEDT-TTF#2Cu2"CN#3, which does

not have an appreciable spin gap either, also show a similar
inhomogeneous broadening at low temperatures.32 To take
this and our results into consideration, the significant inho-
mogeneous broadening is considered to be a universal nature
of the spin liquid with no appreciable spin gap because this
state is quite sensitive to slight crystal imperfections due to
the quasi-long-range correlation.

As described above, the spectra and T1
−1 of

EtMe3Sb!Pd"dmit#2$2 do not show any features of the spin
ordering or freezing at least down to 1.37 K, in spite of the
growth of antiferromagnetic correlations from much higher
temperature around 200 K. Since 1.37 K is lower than 1% of
J, thermal fluctuations are so small as to be negligible in this
temperature region. Thus, the absence of spin ordering or
freezing is attributed not to thermal fluctuations but to quan-
tum fluctuations. Considering the absence of an appreciable
spin gap, which is concluded by the fact that T1

−1 retains a
finite value down to 1.37 K, this state is clearly distinct from
the VBS state accompanied by spin dimerization. This state
is, therefore, regarded as the quantum spin-liquid state,
where the RVB scenario can be brought to realization.

A number of theoretical studies have been conducted on
the regular-triangular Heisenberg spin-1 /2 system, and there
is a general consensus that the 120° spiral MLRO state is
realized in the ground state,25,33–35 in contrast to our experi-
mental result.

Several theoretical studies on isosceles-triangular Heisen-
berg systems have suggested that slight deviation from the
regular triangle can destroy the spiral MLRO state and real-
ize the spin-liquid state.12,36–41 Our result may be rational-
ized from such standpoints. It is desired to study whether or
not the deviation from the regular triangle leads to the spin-
liquid state even on a scalene-triangular lattice, because our
system has a scalene structure rather than an isosceles one.

Another possible mechanism of the observed spin liquid
is explained in light of the proximity of the Mott transition.
Although EtMe3Sb!Pd"dmit#2$2 is a Mott insulator, its insu-
lating nature is easily destroyed by a pressure of a few
kilobars.42 This means that its transfer integrals, whose per-
turbing effect yields exchange interactions, are not much
smaller than the electron correlation energy. Therefore, not
only the second-order Heisenberg terms, but also the higher-
order ones are expected to emerge as the ring exchange and
long-range Heisenberg interactions. While the nearest-
neighbor Heisenberg interactions seem to be predominant as
the temperature dependence of the susceptibility shows, it is
possible that such extra higher-order interactions are not neg-
ligible and play a significant role in the realization of the
present spin liquid. In fact, some theories based on the spin
Hamiltonian including the ring exchange,8 and the Hubbard
Hamiltonian with moderate on-site Coulomb repulsion,9,10

successfully predict the gapless quantum spin-liquid state.
In conclusion, we have found a spin-liquid system on a

triangular lattice, EtMe3Sb!Pd"dmit#2$2. We have revealed by
our 13C NMR study that this material has neither spin
ordering/freezing nor an appreciable spin gap down to
1.37 K, which is lower than 1% of J. Inhomogeneous broad-
ening appears at low temperature, similar to the other spin
liquid system %-"BEDT-TTF#2Cu2"CN#3. This is consistent
with the quasi-long-range spin correlation characterizing the
gapless nature.
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FIG. 4. "a# 13C-NMR spectra for randomly oriented samples of
EtMe3Sb!Pd"dmit#2$2. "b# Those of EtMe3P!Pd"dmit#2$2 for
comparison.
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Figure 3 | Stretching exponent obtained from the 13C nuclear spin-lattice
relaxation curves. The main panel shows the temperature dependence of
the exponent. The dark blue circles show values obtained from the present
measurements in a dilution refrigerator. We also show reanalysed values
for previously reported2 higher-temperature data as light blue circles. The
spin-lattice relaxation curves at three representative temperatures are
presented in the upper three panels, where the red squares indicate
obtained experimental data and the green lines represent fits to
stretched-exponential functions.

shows a steep decrease of T�1
1 on cooling. At sufficiently low

temperatures, the spin-lattice relaxation curves recover to single-
exponential functions as shown in Fig. 3. This is different from
the case of �-(BEDT-TTF)2Cu2(CN)3 at low temperatures, where
the relaxation curves become further from single exponential
functions with decreasing temperature30, and makes it difficult to
discuss the intrinsic spin dynamics. In the low-temperature region
of EtMe3Sb[Pd(dmit)2]2 where the relaxation curves recover to
single-exponential functions, we can see from Fig. 2 that T�1

1 is
proportional to the square of the temperature. This means that
the imaginary part of the q-integrated dynamic susceptibility (to
be exact, lim⇤⇤0⌅q⇥

⌅⌅(q,⇤)/⇤), which is evaluated from (T1T )�1,
decreases in proportion to the temperature on cooling, as shown in
the inset of Fig. 2 (q: wave vector, ⇤: frequency). This is in contrast
to the nature of the fully gapless spin liquid with a spinon Fermi
surface, where the imaginary part of the susceptibility remains
constant (Fermi-liquid case) or diverges (non-Fermi-liquid case)
on cooling. Thus, the low-temperature phase is not fully gapless,
and therefore has a spin gap at least in some portion of q-space.

We emphasize that the decrease in the imaginary part of the
susceptibility does not follow an exponential law but a power
law in temperature. This result implies that the spin gap may
be a nodal one, similar to superconducting gaps in anisotropic
superconductors, often realized in correlated quantum fermion
liquids. Although it might also be possible that the system has a full
gap and that T�1

1 at low temperatures reflects extrinsic relaxation,
this is more unlikely. In this case, the relaxation curves would
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Figure 4 | 13C-NMR spectra of EtMe3Sb[Pd(dmit)2]2 at several ultralow
temperatures measured in a dilution refrigerator. The spectra are obtained
by Fourier transformation of the spin-echo signals for randomly oriented
single crystals.

become more or less distributed non-single-exponential functions.
Experimental results instead show that the relaxation curves recover
to a single-exponential function in the low-temperature limit, as
shown in Fig. 3. Therefore, it is more likely that the T 2 dependence
of T�1

1 is intrinsic and that the spin gap is nodal.
In principle, this spin gap should be observable also in

the behaviour of the static spin susceptibility. However, the
susceptibility was so far measured only down to 5K and is not
available in the region below the transition temperature2. We also
note that it will be difficult to measure the intrinsic susceptibility
below the transition temperature, because the Curie term caused
by impurity free spins will make a serious contribution at such
low temperatures even for a very small number of impurities. The
Knight shift (the first moment of the spectrum) offers another way
to measure the static spin susceptibility. It is expected that the spin
gap leads to the disappearance of the spin susceptibility, yielding
the disappearance of the Knight shift of a few kilohertz through the
hyperfine coupling of about 9⇥102 kHz/µB (ref. 2). Unfortunately,
our experimental results do not have the accuracy to discuss such a
small shift because of the comparatively large spectral width and the
slight extrinsic drift of the external applied field, which is inevitable
even when using a superconducting magnet with high stability (see
the Methods section).

In summary, our NMR experiments show that the spin system of
EtMe3Sb[Pd(dmit)2]2 does not undergo classical ordering/freezing
down to 19.4mK, which is less than 0.01% of J . Whereas this
quantum spin liquid has a gapless spin excitation above 1.0 K,
we found clear evidence that the spin system under 7.65 T shows
an instability other than classical ordering at around 1.0 K and
acquires a spin gap. This gap may be nodal, similar to that of
anisotropic superconductivity.

Last, we mention future debatable problems on the instability
that we have discovered. One of the possible candidates is the
pairing instability of the spinon Fermi surface. This naturally
explains the nodal-gap formation when spinon pairing occurs
in a non-s-wave Bardeen–Cooper–Schrieffer channel and causes
an anisotropic (such as d-wave) resonating-valence-bond state.

NATURE PHYSICS | VOL 6 | SEPTEMBER 2010 | www.nature.com/naturephysics 675

a real candidate of the quantum liquid state, which has been sought since Anderson’s proposal

more than 35 years ago (6). Figure 8a shows the temperature dependence of the magnetic

susceptibility with the core diamagnetism subtracted (50). In contrast with the magnetic transi-

tion at 27 K in k-(ET)2Cu[N(CN)2]Cl as evidenced by an anomaly, k-(ET)2Cu2(CN)3 has no

anomaly down to the lowest temperature measured, 2 K, but does have a broad peak, which is

well fitted to the triangular-lattice Heisenberg model with an exchange interaction of J ! 250 K

(50, 51). The wspin behavior of k-(ET)2Cu[N(CN)2]Cl is unlikely fitted to the Heisenberg model,

even if the anisotropy is considered, possibly because it is situated very close to the Mott

transition, where the Hubbard model or higher-order corrections in the Heisenberg model

should work.

The magnetism is further probed by NMR measurements. Figure 8b shows the single-crystal
1H NMR spectra for k-(ET)2Cu[N(CN)2]Cl and k-(ET)2Cu2(CN)3 under the magnetic field

applied perpendicular to the conducting layer (50). The line shape at high temperatures comes

from the nuclear dipole interaction sensitive to the field direction against molecular orientation,

which is different between the two systems. k-(ET)2Cu[N(CN)2]Cl shows a clear line splitting

below 27 K, indicating a commensurate aniferromagnetic ordering, whose moment is estimated

at 0.45 mB per an ET dimer by separate 13C NMR studies (25, 52, 53). However, the spectra of

k-(ET)2Cu2(CN)3 show neither distinct broadening nor splitting, which indicates the absence

of long-range magnetic ordering at least down to 32 mK, 4 orders of magnitude lower than
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(a) Temperature dependences of spin susceptibilities of k-(ET)2Cu2(CN)3 and k-(ET)2Cu[N(CN)2]Cl. The solid lines represent the
results of the series expansion of the triangular-lattice Heisenberg model using [7,7] Pade approximation with J ¼ 240 K and 250 K.
(b ) 1H NMR spectra of single crystals of k-(ET)2Cu2(CN)3 (left panel) and k-(ET)2Cu [N(CN)2]Cl (right panel) under magnetic fields
applied perpendicular to the conducting layer. Abbreviation: NMR, nuclear magnetic resonance.

www.annualreviews.org # Mott Physics in Organic Conductors 175

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

11
.2

:1
67

-1
88

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 U
ni

ve
rs

ity
 o

f C
al

ifo
rn

ia
 - 

Sa
nt

a 
B

ar
ba

ra
 o

n 
09

/0
7/

11
. F

or
 p

er
so

na
l u

se
 o

nl
y.

• Specific heat
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Figure 2 Low-temperature heat capacities of �-(BEDT-TTF)2Cu2(CN)3. a,b, Data obtained for two samples under magnetic fields up to 8 T in CpT�1 versus T 2 plots.
b contains the data of the typical antiferromagnetic insulators ⇥-(BEDT-TTF)2Cu[N(CN)2]Cl, deuterated ⇥-(BEDT-TTF)2Cu[N(CN)2]Br and �⇥-(BEDT-TTF)2ICl2 for comparison.
The existence of a T-linear contribution even in the insulating state of ⇥-(BEDT-TTF)2Cu2(CN)3 is clearly observed.

magnetic resonance (NMR) and static susceptibility measurements,
they observed no static order down to 30 mK and concluded that
the spins form a kind of liquid state. The likelihood that a spin-
liquid model is appropriate is strengthened by the prediction of
the resonating-valence-bond (RVB) model of large entropy at low
temperatures and a possible temperature- (T-) linear term due
to the spinon density of states in the heat capacity3,4. The heat
capacity is considered as a very sensitive low-energy spectroscopic
method for investigating the low-energy excitations from the
ground state. We can explore a reliable discussion on what kind of
ground state is realized through the entropy with absolute precision
and without any external fields. In this respect, thermodynamic
studies at temperatures as low as possible are necessary and
required for demonstrating the quantum spin-liquid character for
this material.

In Fig. 1, we show the temperature dependence of
the heat capacity of ⇤-(BEDT-TTF)2Cu2(CN)3 and other
⇤-type BEDT-TTF salts. ⇤-(BEDT-TTF)2Cu(NCS)2 is a
superconductor with a transition temperature (Tc) of 9.4 K.
⇤-(BEDT-TTF)2Cu[N(CN)2]Cl is a Mott insulator with an
antiferromagnetically ordered ground state below the Néel
temperature TN = 27 K. Reflecting the same type of donor
arrangement, the temperature dependencies of the lattice heat
capacities of the samples are similar. The data for another
Mott insulating compound, �⇥-(BEDT-TTF)2ICl2, which gives
the highest Tc of 14.2 K among organic superconductors under
an applied pressure of 8.2 GPa (ref. 14), are also shown for
comparison. A slight di�erence in the lattice contribution
is observed, attributable to the di�erence of crystal packing,
but the overall temperature dependence resembles that of
the ⇤-type compounds. Although the overall tendency of the
lattice heat capacity is similar, it should be emphasized that
⇤-(BEDT-TTF)2Cu2(CN)3 shows large heat capacities at low
temperatures as compared with typical Mott-insulating samples.
This fact demonstrates that the spin system retains large entropy
even at low temperatures and is free from ordering owing to the
existence of the frustration.

The temperature dependence of the heat capacity of
⇤-(BEDT-TTF)2Cu2(CN)3 is shown in a Cp T�1 versus T plot
in the inset of Fig. 1. We also show data obtained under an

external magnetic field of 8 T applied perpendicular to the plane,
demonstrating no drastic di�erence from the 0 T data over the
whole temperature range in the figure. There is no sharp thermal
anomaly indicative of long-range magnetic ordering. This is
consistent with previous NMR experiments13. The data at low
temperatures below 2.5 K, shown in Fig. 2, clearly verify the
existence of a linearly temperature-dependent term (the ⇥ term),
even in the insulating salt. The magnitude of ⇥ is estimated at
20 ± 5 mJ K�2 mol�1 from the linear extrapolation of the Cp T�1

versus T 2 plot down to T =0 K. However, the low-temperature data
show an appreciable sample dependence. Figure 2a,b shows data for
di�erent samples, (a) and (b), respectively. In the low-temperature
region, sample (a) shows a curious structure in addition to the
finite ⇥ term, which is somewhat field dependent. However, Fig. 2b
does not show such behaviour. The magnetic field dependence seen
in sample (a) is attributable to a possible paramagnetic impurity
and seems to be extrinsic. In fact, the application of a magnetic
field induces a kind of Schottky contribution, which is attributed
to a magnetic impurity of less than 0.5%. The origin of this
contribution is considered to be Cu2+ contamination in the sample
preparation, as reported by Komatsu et al.15. We measured several
other samples and found that the data of the better-quality samples
converge to those shown in Fig. 2b, with a small field-dependent
contribution. It should be noted that these samples still possess
a finite Cp T�1 value of about 15 mJ K�2 mol�1, as shown by the
extrapolation of the data down to T = 0 K. The existence of the ⇥
term in the present insulating state is intrinsic.

The well known Mott insulators ⇤-(BEDT-TTF)2X
(X = Cu[N(CN)2]Cl, deuterated Cu[N(CN)2]Br) and
�⇥-(BEDT-TTF)2ICl2 with three-dimensional antiferromagnetic
ordering show a vanishing ⇥ value, as shown in Fig. 2b
(ref. 16). It is evident that the low-temperature heat capacity of
⇤-(BEDT-TTF)2Cu2(CN)3 is extraordinarily large for an insulating
system. A ⇥ value of the present order (101–1.5 mJ K�2 mol�1) is
expected, for example, in spin-wave excitations in one-dimensional
antiferromagnetic spin systems with intra-chain couplings of
J/kB = 100–200 K or metallic systems with continuous excitations
around the Fermi surface. However, these are obviously very
di�erent systems from the present two-dimensional insulating
materials. Gapless excitations giving a T-linear contribution to the

460 nature physics VOL 4 JUNE 2008 www.nature.com/naturephysics

is observed around 3 K. This corresponds to the kink of 1/T1 in
13C NMR in the same temper-

ature region, and indicates a possibility of crossover phenomena to the spin liquid state.

Figure 16a shows temperature dependence of thermal conductivity (107). Compared with

the Et2Me2Sb salt, the EtMe3Sb salt shows enhanced thermal conductivity, which indicates that

spin-mediated contribution is added to the phonon contribution. Temperature dependence of

the thermal conductivity has a peak structure around 1 K (Figure 16a inset). Thermal conduc-

tivity of the EtMe3Sb salt also shows a T-linear term, indicating gapless excitation from the

ground state. This is markedly different from the case of k-(ET)2Cu2(CN)3.

Field dependence of thermal conductivity of the EtMe3Sb salt, however, suggests another kind

of excitation (Figure 16b). A steep increase above approximately 2 T is observed below 1 K,

which implies that some spin-gap-like excitations are present at low temperatures, along with the

gapless excitations indicated by the T-linear term. At present, there are two possible scenarios:

1. In terms of coexistence of the gapless and gapped excitations (108), the magnetic excitations are

separated from the ground state by a spin gap, which is filled with nonmagnetic excitations.

2. In terms of a possible nodal gap structure in the spinon Fermi surface, the spin-gap-like

behavior is attributed to the pairing gap formation, and the finite residual T-linear term

stems from the zero-energy density of states similar to the disorder-induced normal fluid in

d-wave superconductors (72).

Although there remain many open questions, the unusual bipartite nature of elementary excita-

tions in the quantum spin liquid state places the EtMe3Sb salt in a key position for understand-

ing Mott physics and quantum magnetism.
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Low-temperature heat capacity (Cp) for EtMe3Sb and Et2Me2Sb salts. The main graph shows CpT
!1 versus

T2 plots of the heat capacity. The inset shows a CpT
!1 versus T2 plot around a broad hump structure for the

EtMe3Sb salt.
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• Thermal conductivity

Y. Shimizu et al, 2003 T. Itou et al, 2008,2010

no magnetic order

S. Yamashita et al, 2008

Sommerfeld law

M. Yamashita et al, 2010
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The search for the enigmatic spin liquid state has
switched into high gear in recent years. Dramatic the-
oretical (Kitaev model [1, 2] and spin liquid in tri-
angular lattice antiferromagnet [3]) and experimental
(YbMgGaO4 [4, 5] and ↵-RuCl3 [6]) developments leave
no doubt of the eventual success of this enterprise. To
push this to the next stage, it is incumbent upon the com-
munity to identify specific experimental signatures that
evince the unique aspects of these states. In this paper,
we address one of the most important measurable quanti-
ties in the two dimensional U(1) QSL with a spinon Fermi
surface. This is a priori the most exotic two dimensional
QSL state, and yet one which has repeatedly been advo-
cated for in both theory and experiment. Specifically, we
study the dynamical susceptibility of the q-component of
the spin operator Sa

q (a = x, y, z)

�±(q,!) = i

Z 1

0
dth[S†

q(t), S
�
�q(0)]iei!t (1)

which is an extremely information-rich quantity, and is
accessible through inelastic neutron scattering [7], ESR
[8, 9], and RIXS [10]. A demonstration of distinctive
features in it would be a major advance in the connection
of theory and experiment in this unique phase of matter.

We recapitulate the derivation of the theory of the
spinon Fermi surface phase [11, 12]. One introduces
Abrikosov fermions by rewriting the spin operator
Si =

1
2c

†
i↵�↵�ci� , where ci↵, c

†
i↵ are canonical fermionic

spinors on site i with spin-1/2 index ↵ (repeated spin
indices are summed). This is a faithful representation
provided the constraint c†i↵ci↵ = 1 is imposed – this con-
straint induces a gauge symmetry. In a path integral rep-
resentation, the constraint is enforced by a Lagrange mul-
tiplier Ai0, which takes the role of the time-component of
a gauge field, i.e. scalar potential. Microscopic exchange
interactions, which are quadratic in spins are hence quar-
tic in fermions are decoupled to introduce new link fields
whose phases act as the spatial components of the corre-
sponding gauge fields A, i.e. the vector potential.

To describe the universal low energy physics, it is ap-
propriate to consider “coarse-grained” fields  ↵, 

†
↵ de-

scending from the microscopic ones, and include the
symmetry-allowed Maxwell terms for the U(1) gauge
field. Furthermore, due to the finite density of states
at the spinon Fermi surface, the longitudinal scalar po-
tential is screened and the time component A0 can then

be integrated out to mediate a short-range repulsive in-
teractions between like charges. Therefore we consider
the Euclidian action S = S + SA + Su, where [11–13]

S =

Z
d⌧d2r †

↵

⇣
[@⌧ � µ� (rr � iA)2

2m
]�↵� � !B�

3
↵�

⌘
 � ,

SA =
1

2

Z
d!nd2q

(2⇡)3
Aµ(q,!n)

⇣
�
|!n|
q

+ �q2
⌘
A⌫(�q,�!n),

Su =

Z
d⌧d2r u  †

"(r, ⌧) "(r, ⌧) 
†
#(r, ⌧) #(r, ⌧). (2)

Here ↵,� =", # are spin indices, !B describes static mag-
netic field B = Bẑ and includes g-factor as well as Bohr
magneton. Gauge dynamics is derived in the Coulomb
gauge r · A = 0 and µ, ⌫ = x, y run over spatial in-
dices. Gauge action SA is generated by spinons and � =
2n̄/kF and � = 1/(24⇡m) represent Landau damping
and diamagnetic susceptibility of non-interacting spinon
gas, correspondingly (m is the spinon mass, n̄ is the
spinon density and kF is the Fermi momentum of non-
magnetized system).
Action of the screened temporal component A0

of the gauge 3-vector (A0,A) is given by SA0 ⇡
�m
4⇡

R d!nd
2q

(2⇡)3 |A0(q,!n)|2. Integrating it out generates

local repulsion term Su in (2) which describes spinon
density-density interactions of a contact kind. By the ex-
clusion principle it is characterized by a single parameter
u > 0. Note that in principle the u-term also accounts
for other short-ranged contributions which are allowed
by SU(2) spin-rotational symmetry.
We proceed with the assumption of SU(2) symmetry,

a good first approximation for many spin liquid mate-
rials and address the e↵ect of its violations in the latter
part of this paper. Previous investigations focused on the
transverse vector potential A, which is not screened but
Landau damped, and hence induces exotic non-Fermi-
liquid physics. For example, one finds a self-energy vary-
ing with frequency as !2/3, and a singular contribution
to the specific heat cv ⇠ T 2/3. However, notably, the
transverse gauge field has negligible e↵ects on the hydro-
dynamic long-wavelength collective response [13]. Here,
we instead focus on the short-range repulsion, which pro-
duces an exchange field that dramatically alters the be-
havior in the presence of an external Zeeman magnetic
field/finite magnetization.
The fractionalization of triplet excitations into pairs

of spinons is a fundamental aspect of a quantum spin
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<latexit sha1_base64="5xcReMc+vNP+07rpHzGZJw/FJho="></latexit><latexit sha1_base64="5xcReMc+vNP+07rpHzGZJw/FJho="></latexit><latexit sha1_base64="5xcReMc+vNP+07rpHzGZJw/FJho="></latexit><latexit sha1_base64="5xcReMc+vNP+07rpHzGZJw/FJho="></latexit>

• Transverse

screened Coulomb 
interaction

coupling to dynamical 
photons

+



Interactions
• Longitudinal a0 

† 
<latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit><latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit><latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit><latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit>

u †
" " 

†
# #

<latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit><latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit><latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit><latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit>

u : †
" " 

†
# #:

<latexit sha1_base64="Z9dksX+Lilw6z5bHJVU3+n+hU28=">AAACdHicbVFNSwMxEM2uH9X6tepRD9EieCq7Iig9Fb14VLBWcGuZTdM2mC+SbKUs/aEe9Ud4Nq0LautA4PHevJnwJtOcWRfHb0G4tLyyWllbr25sbm3vRLt7D1blhtAWUVyZxwws5UzSlmOO00dtKIiM03b2cj3V2yNqLFPy3o017QgYSNZnBJynulGR40Z6lGrLummuwRj1+pz2YDCgBv9li3SkhyCdEqU+KRt66lX+Z/zhF61+5VGjG9XiejwrvAiSEtRQWbfd6MMPJbmg0hEO1j4lsXadAoxjhNNJNc0t1UBeYECfPJQgqO0Us5Am+MQzPdxXxj/p8Iz97ShAWDsWme8U4IZ2XpuS/2qZmNvs+pedgkmdOyrJ9+J+zrFTeHoB3GOGEsfHHgAxzP8dkyEYIM7fqepDSeYjWAQPZ/XE47vzWvOqjGcNHaBjdIoSdIGa6AbdohYi6D2oBFGwG3yGh2EtPPluDYPSs4/+VFj/ArpmwYo=</latexit><latexit sha1_base64="Z9dksX+Lilw6z5bHJVU3+n+hU28=">AAACdHicbVFNSwMxEM2uH9X6tepRD9EieCq7Iig9Fb14VLBWcGuZTdM2mC+SbKUs/aEe9Ud4Nq0LautA4PHevJnwJtOcWRfHb0G4tLyyWllbr25sbm3vRLt7D1blhtAWUVyZxwws5UzSlmOO00dtKIiM03b2cj3V2yNqLFPy3o017QgYSNZnBJynulGR40Z6lGrLummuwRj1+pz2YDCgBv9li3SkhyCdEqU+KRt66lX+Z/zhF61+5VGjG9XiejwrvAiSEtRQWbfd6MMPJbmg0hEO1j4lsXadAoxjhNNJNc0t1UBeYECfPJQgqO0Us5Am+MQzPdxXxj/p8Iz97ShAWDsWme8U4IZ2XpuS/2qZmNvs+pedgkmdOyrJ9+J+zrFTeHoB3GOGEsfHHgAxzP8dkyEYIM7fqepDSeYjWAQPZ/XE47vzWvOqjGcNHaBjdIoSdIGa6AbdohYi6D2oBFGwG3yGh2EtPPluDYPSs4/+VFj/ArpmwYo=</latexit><latexit sha1_base64="Z9dksX+Lilw6z5bHJVU3+n+hU28=">AAACdHicbVFNSwMxEM2uH9X6tepRD9EieCq7Iig9Fb14VLBWcGuZTdM2mC+SbKUs/aEe9Ud4Nq0LautA4PHevJnwJtOcWRfHb0G4tLyyWllbr25sbm3vRLt7D1blhtAWUVyZxwws5UzSlmOO00dtKIiM03b2cj3V2yNqLFPy3o017QgYSNZnBJynulGR40Z6lGrLummuwRj1+pz2YDCgBv9li3SkhyCdEqU+KRt66lX+Z/zhF61+5VGjG9XiejwrvAiSEtRQWbfd6MMPJbmg0hEO1j4lsXadAoxjhNNJNc0t1UBeYECfPJQgqO0Us5Am+MQzPdxXxj/p8Iz97ShAWDsWme8U4IZ2XpuS/2qZmNvs+pedgkmdOyrJ9+J+zrFTeHoB3GOGEsfHHgAxzP8dkyEYIM7fqepDSeYjWAQPZ/XE47vzWvOqjGcNHaBjdIoSdIGa6AbdohYi6D2oBFGwG3yGh2EtPPluDYPSs4/+VFj/ArpmwYo=</latexit><latexit sha1_base64="Z9dksX+Lilw6z5bHJVU3+n+hU28=">AAACdHicbVFNSwMxEM2uH9X6tepRD9EieCq7Iig9Fb14VLBWcGuZTdM2mC+SbKUs/aEe9Ud4Nq0LautA4PHevJnwJtOcWRfHb0G4tLyyWllbr25sbm3vRLt7D1blhtAWUVyZxwws5UzSlmOO00dtKIiM03b2cj3V2yNqLFPy3o017QgYSNZnBJynulGR40Z6lGrLummuwRj1+pz2YDCgBv9li3SkhyCdEqU+KRt66lX+Z/zhF61+5VGjG9XiejwrvAiSEtRQWbfd6MMPJbmg0hEO1j4lsXadAoxjhNNJNc0t1UBeYECfPJQgqO0Us5Am+MQzPdxXxj/p8Iz97ShAWDsWme8U4IZ2XpuS/2qZmNvs+pedgkmdOyrJ9+J+zrFTeHoB3GOGEsfHHgAxzP8dkyEYIM7fqepDSeYjWAQPZ/XE47vzWvOqjGcNHaBjdIoSdIGa6AbdohYi6D2oBFGwG3yGh2EtPPluDYPSs4/+VFj/ArpmwYo=</latexit>

+=

self-energy interaction

�um
⇣
 †
" " �  †

# #

⌘

<latexit sha1_base64="FDscCJ+peYkHmTsEkB0DbIGbaWM="></latexit><latexit sha1_base64="FDscCJ+peYkHmTsEkB0DbIGbaWM="></latexit><latexit sha1_base64="FDscCJ+peYkHmTsEkB0DbIGbaWM="></latexit><latexit sha1_base64="FDscCJ+peYkHmTsEkB0DbIGbaWM="></latexit>



Self energy
• Longitudinal a0 

† 
<latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit><latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit><latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit><latexit sha1_base64="DesMyUUciPS19A0bk03dbznj53A=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAIXZUZEXRZdOOygr1AZyxn0nQammSGJFMoQ1/Bl/AV3OrenbgTdz6JaTsLbf0h8OU/53CSP0w408Z1P53C2vrG5lZxu7Szu7d/UD48auk4VYQ2Scxj1QlBU84kbRpmOO0kioIIOW2Ho5tZvT2mSrNY3ptJQgMBkWQDRsBYq1euQs/FfqLZg9+HKKJqccn8cTIEaWKR29NeueLW3LnwKng5VFCuRq/87fdjkgoqDeGgdddzExNkoAwjnE5LfqppAmQEEe1alCCoDrL5j6b4zDp9PIiVPdLguft7IgOh9USEtlOAGerl2sz8txaKpc1mcBVkTCapoZIsFg9Sjk2MZ3HhPlOUGD6xAEQx+3ZMhqCAGBtqyYbiLUewCq3zmmf57qJSv87jKaITdIqqyEOXqI5uUQM1EUGP6Bm9oFfnyXlz3p2PRWvByWeO0R85Xz8r7qRq</latexit>

u †
" " 

†
# #

<latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit><latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit><latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit><latexit sha1_base64="ONaiOuwdRoUnLMCIp3Pt2WJuq6E=">AAACbXicbVFdSxtBFJ1dbRtjW7cVnxQZGkr7JLsitI9SX3yMYBLBTcPdySQZMl/M3FXCkh+qj/4B/4KTuNCa5MLA4XzMHc4UVgqPafoQxVvb795/aOw0dz9++ryXfPna9aZ0jHeYkcbdFOC5FJp3UKDkN9ZxUIXkvWJ6sdB7d9x5YfQ1zizvKxhrMRIMMFCDBEuaWy8GeWnBOXP/Nx/CeMzdClvld3YCGo2q9XltGJp7vSn4j98QHSSt9CRdDl0HWQ1apJ72IHkKF7JScY1Mgve3WWqxX4FDwSSfN/PScwtsCmN+G6AGxX2/WrYzp98DM6Qj48LRSJfs/4kKlPczVQSnApz4VW1BbtQKtbIZR7/7ldC2RK7Z6+JRKSkauqieDoXjDOUsAGBOhLdTNgEHDMMHNUMp2WoF66B7epIFfHXWOv9T19Mgh+Qb+Uky8ouck0vSJh3CyGNEop2oGT3HB/FRfPxqjaM6s0/eTPzjBchNv3k=</latexit>
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outside the particle-hole continuum, leaving it with no
decay channel. However, in the U(1) spin liquid, there
is an additional branch of low energy excitations due to
the gauge field, dispersing as ! ⇠ k3. The very flat dis-
persion of the gauge excitations suggests it may act as a
momentum sink, so that, for example, an excitation con-
sisting of a particle-hole pair plus a gauge quantum may
exist in the “forbidden” region where the bare particle-
hole continuum vanishes and the spin wave mode lives. It
is therefore critical to understand the e↵ect of the gauge
interactions upon the dynamical susceptibility.

To this end, we consider the dressing of the particle-
hole bubble �0 by gauge propagators. Guided by the
above thinking, we expect that it is su�cient to consider
all diagrams with a single gauge propagator. This in-
volves two diagrams with self-energy contributions, and
a third which constitutes a vertex renormalization (see
Fig. 3). In the following, we denote this dressed by gauge
field fluctuations correction to the transverse susceptibil-
ity as �1

±(q,!). As shown by Kim et al. [13] for similar
diagrams for the density correlations and optical conduc-
tivity, there are important cancellations between self en-
ergy and vertex corrections, which are needed to obtain
the proper long wavelength behavior of �1. We find

�1
±(q, i!n) = �c̃

⌫0vF �1/3

�4/3

!7/3
n (vF q)2(i!n � 2!B � uM)

[(i!n � 2!B � uM)2 � v2F q
2]5/2

(9)
Therefore, indeed, the dressed bubble has a non-zero
imaginary part =�1

± in the previously kinematically for-
bidden region below the particle-hole continuum. This
is a new continuum weight. However, the weight in
this new continuum contribution vanishes quadratically
in momentum as q = 0 is approached. This is an im-
portant check on the calculations, since the Larmor the-
orem still applies to the full theory with the gauge field,
which implies that precisely at zero momentum, there
can be no new contributions. The frequency dependence
is, however, non-trivial. What are the implications for
the spin collective mode? We evaluate this by using the
RPA formula of Eq. (3), but replacing �0

± by �0
± + �1

±,
the susceptibility dressed by gauge fluctuations. With
this approximation, we see that the q2 dependence of
=�̃1

±(q,! ⇡ 2!B) / (2!B)7/3v2F q
2/(uM)4 is su�cient

to ensure that the width (in energy) of the collective
spin mode becomes narrow compared to its frequency at
small momentum: this is the standard criteria for sharp-
ness and observability of a collective excitation. The fi-
nal result for the dynamical susceptibility is summarized
in Fig. ??. Away from the zero momentum axis there
is always non-zero continuum weight, which is the sum
of several distinct contributions. Inside this continuum,
the spin collective mode appears as a resonance which is
asymptotically sharp at small momentum.

The above results apply to the case in which SU(2) spin
rotation symmetry is broken only by the applied Zeeman
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FIG. 1. Dyson equation for the spinon Green’s function.
Thick (thin) line denotes renormalized (bare) Green’s func-
tion with spin � =", #. Zigzag (magenta) lines denote lo-
cal repulsion u. The tadpole diagram represents self-energy
⌃� = un̄��.
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FIG. 2. Ladder series for the transverse susceptibility. Zigzag
(magenta) lines denote local repulsion u. The bare bubble
diagram is �0

±. Open circle denotes spin-flipping vertex.

field. Breaking of the SU(2) invariance by anisotropies in-
validates the Larmor theorem and causes a shift and more
importantly a broadening of the spin collective mode even
at zero momentum. This is of particular importance for
electron spin resonance, which has high energy resolu-
tion but measures directly at zero momentum only. The
way in which the resonance is broadened depends in de-
tail on the nature of the anisotropy, the orientation of
the applied magnetic field, etc., so it is not possible to
give a single general result. Instead, we provide one (or
two?) example(s) of this physics. In particular we con-
sider the influence of a Dzyaloshinskii-Moriya interaction
in the spin system, which is typically the dominant form
of anisotropy for weakly spin-orbit coupled systems, pro-
vided it is symmetry allowed by the lattice.
OS: we may also use figure 4 below.
Go back and recapitulate our earlier calcula-

tions. DM manifests as a Rashba-like term for

the spinons. We obtain a complete scaling func-

tion in a certain limit...

Can we include some simplistic discussion for

XXZ exchange anisotropy?

Physical implications – need ESR and inelastic neu-
tron scattering at small q and finite magnetic field. Has
been recently done in YbMgGaO4 - no separate from PH
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FIG. 3. Leading gauge field corrections �1
± to the suscepti-

bility. Wavy (blue) lines denote gauge field propagator.
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liquid. This is expected to give rise to two-particle con-
tinuum contributions to the dynamical structure factor,
which appear more characteristic of a weakly correlated
metal than a strongly correlated Mott insulator. When
treated as non-interacting fermions, this continuum has
a characteristic shape at small frequency and wavevector
in the presence of an applied Zeeman magnetic field, as
discussed in [14]. In particular, there is non-zero spec-
tral weight in a wedge-shaped region which terminates
at a single point along the energy axis at zero momen-
tum. The purpose of the present work is to determine
the modification of this spectrum by spinon interactions
and gauge fluctuations.

An important constraint follows purely from symme-
try. Provided the Hamiltonian in zero magnetic field has
SU(2) symmetry, a Zeeman magnetic field leads to a fully
determined structure factor at zero momentum. Specif-
ically, the Larmor/Kohn theorem [15] dictates that the
only response at q = 0, �00

? ⇠ M�(!� 2!B), where M is
the magnetization and !B is the spinon Zeeman energy.
For free fermions, the delta function is precisely at the
corner of the spinon particle-hole continuum (also known
as the two-spinon continuum). However, the contact ex-
change interaction shifts up the particle-hole continuum,
at small momentum q, away from the Zeeman energy
2!B to 2!B + uM . This is seen by the trivial Hartree
self-energy ⌃" = un̄#, ⌃# = un̄", where n̄� is the expec-
tation value of spin-� spinon density in the presence of
magnetic field, see Fig. 1. Consequently, for the Larmor
theorem to be obeyed, there must be a collective trans-

verse spin mode at small momenta.

Indeed, this physics is not unique to spin liquids but
applies to paramagnetic metals. Historically, the Silin
spin wave mode was predicted for non-ferromagnetic met-
als by Silin in 1958 within Landau Fermi liquid theory
[16–19], and observed via conduction electron spin res-
onance (CESR) in 1967 [20]. Detailed theory, derived
within Landau Fermi-liquid framework [21] (k-dependent
g-factor [22]), is analogous to the more well-known zero
sound, albeit in the spin rather than density channel.
Unlike zero sound, an external magnetic field is required
in order to shift the particle-hole continuum up along
the energy axis to allow for the undamped collective spin
wave to appear in the triangle-shaped window below it.
The spin wave mode is most conveniently described by
the Random Phase Approximation (RPA), which corre-
sponds to a standard resummation of particle-hole lad-
der diagrams. For the particular case of a momentum-
independent contact interaction, one has (see Fig. 2)

�(q, i!n) =
�0(q, i!n)

1 + u�0(q, i!n)
, (3)

where �0(q, i!n) is the bare susceptibility bubble, cal-
culated using the spinon Green’s functions including the

Hartree shift. For the susceptibility transverse to the field

�0
±(q, i!n) =

1

�V

X

kn,k

1

ikn � ✏k + !B � gn̄#

⇥ 1

ikn + i!n � ✏k+q � !B � gn̄"
. (4)

Here !n, kn are bosonic and fermionic Matsubara fre-
quencies, respectively. Simple calculation, followed by
the analytical continuation i!n ! ! + i0, gives

<�0
±(q,!) =

Msign(! � 2!B � uM)p
(! � 2!B � uM)2 � v2F q

2
,

=�0
±(q,!) =

�Mp
v2F q

2 � (! � 2!B � uM)2
, (5)

where M = n̄" � n̄# is (twice) the magnetization, and
square-roots are defined when their arguments are posi-
tive. The real/imaginary spin susceptibility describes do-
mains outside/inside two-spinon continuum in the (q,!)
plane, correspondingly. At q = 0

�0
±(q = 0,!) =

M

! � 2!B � uM + i0
, (6)

and therefore =�0
±(q = 0,!) ⇠ �(! � 2!B � uM): the

position of the two-spinon continuum renormalized by
the interaction shift. However, inserting (6) in the RPA
formula (3) one finds that the RPA successfully recovers
Larmor theorem at zero momentum for the interacting
SU(2)-invariant system,

�±(q = 0, i!n) =
M

! � 2!B + i0
. (7)

Therefore the contribution at q = 0 is solely from the
collective mode, with no spectral weight from the contin-
uum at 2!B+uM . Dispersion of the collective spin mode
is obtained with the help of (5) and =� = =�0/[(1 +
u<�0)2 + (u=�0)2],

!swave(q) = 2!B + uM �
q

u2M2 + v2F q
2. (8)

For small q ⌧ uM/vF the collective mode is dispersing
downward quadratically ! ⇡ 2!B�(vF q)2/(2uM), while
in the opposite limit q � uM/vF it approaches the low
boundary of the two-spinon continuum, ! ⇡ 2!B+uM�
vF q. Retaining quadratic in q terms in (4) will lead to
the termination of the collective mode at some qmax at
which the spin wave enters the two-spinon continuum.

The above discussion is identical to that for a conven-
tional Fermi liquid, and indeed the observation [20] of
the Silin mode in 1967, which occurred soon after the
detection of the zero sound in He3 [23], was considered
to be one of the first proofs of the validity of the Landau
theory of Fermi-liquids [24]. In the Fermi liquid case,
the sharpness of the mode is established by its falling

RPA

EZ/vF

EZ

q

E

0

EZ+um



Silin spin wave

Larmor theorem: q=0 
excitation must be at EZ 

3

outside the particle-hole continuum, leaving it with no
decay channel. However, in the U(1) spin liquid, there
is an additional branch of low energy excitations due to
the gauge field, dispersing as ! ⇠ k3. The very flat dis-
persion of the gauge excitations suggests it may act as a
momentum sink, so that, for example, an excitation con-
sisting of a particle-hole pair plus a gauge quantum may
exist in the “forbidden” region where the bare particle-
hole continuum vanishes and the spin wave mode lives. It
is therefore critical to understand the e↵ect of the gauge
interactions upon the dynamical susceptibility.

To this end, we consider the dressing of the particle-
hole bubble �0 by gauge propagators. Guided by the
above thinking, we expect that it is su�cient to consider
all diagrams with a single gauge propagator. This in-
volves two diagrams with self-energy contributions, and
a third which constitutes a vertex renormalization (see
Fig. 3). In the following, we denote this dressed by gauge
field fluctuations correction to the transverse susceptibil-
ity as �1

±(q,!). As shown by Kim et al. [13] for similar
diagrams for the density correlations and optical conduc-
tivity, there are important cancellations between self en-
ergy and vertex corrections, which are needed to obtain
the proper long wavelength behavior of �1. We find

�1
±(q, i!n) = �c̃

⌫0vF �1/3

�4/3

!7/3
n (vF q)2(i!n � 2!B � uM)

[(i!n � 2!B � uM)2 � v2F q
2]5/2

(9)
Therefore, indeed, the dressed bubble has a non-zero
imaginary part =�1

± in the previously kinematically for-
bidden region below the particle-hole continuum. This
is a new continuum weight. However, the weight in
this new continuum contribution vanishes quadratically
in momentum as q = 0 is approached. This is an im-
portant check on the calculations, since the Larmor the-
orem still applies to the full theory with the gauge field,
which implies that precisely at zero momentum, there
can be no new contributions. The frequency dependence
is, however, non-trivial. What are the implications for
the spin collective mode? We evaluate this by using the
RPA formula of Eq. (3), but replacing �0

± by �0
± + �1

±,
the susceptibility dressed by gauge fluctuations. With
this approximation, we see that the q2 dependence of
=�̃1

±(q,! ⇡ 2!B) / (2!B)7/3v2F q
2/(uM)4 is su�cient

to ensure that the width (in energy) of the collective
spin mode becomes narrow compared to its frequency at
small momentum: this is the standard criteria for sharp-
ness and observability of a collective excitation. The fi-
nal result for the dynamical susceptibility is summarized
in Fig. ??. Away from the zero momentum axis there
is always non-zero continuum weight, which is the sum
of several distinct contributions. Inside this continuum,
the spin collective mode appears as a resonance which is
asymptotically sharp at small momentum.

The above results apply to the case in which SU(2) spin
rotation symmetry is broken only by the applied Zeeman
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FIG. 1. Dyson equation for the spinon Green’s function.
Thick (thin) line denotes renormalized (bare) Green’s func-
tion with spin � =", #. Zigzag (magenta) lines denote lo-
cal repulsion u. The tadpole diagram represents self-energy
⌃� = un̄��.
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FIG. 2. Ladder series for the transverse susceptibility. Zigzag
(magenta) lines denote local repulsion u. The bare bubble
diagram is �0

±. Open circle denotes spin-flipping vertex.

field. Breaking of the SU(2) invariance by anisotropies in-
validates the Larmor theorem and causes a shift and more
importantly a broadening of the spin collective mode even
at zero momentum. This is of particular importance for
electron spin resonance, which has high energy resolu-
tion but measures directly at zero momentum only. The
way in which the resonance is broadened depends in de-
tail on the nature of the anisotropy, the orientation of
the applied magnetic field, etc., so it is not possible to
give a single general result. Instead, we provide one (or
two?) example(s) of this physics. In particular we con-
sider the influence of a Dzyaloshinskii-Moriya interaction
in the spin system, which is typically the dominant form
of anisotropy for weakly spin-orbit coupled systems, pro-
vided it is symmetry allowed by the lattice.
OS: we may also use figure 4 below.
Go back and recapitulate our earlier calcula-

tions. DM manifests as a Rashba-like term for

the spinons. We obtain a complete scaling func-

tion in a certain limit...

Can we include some simplistic discussion for

XXZ exchange anisotropy?

Physical implications – need ESR and inelastic neu-
tron scattering at small q and finite magnetic field. Has
been recently done in YbMgGaO4 - no separate from PH
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FIG. 3. Leading gauge field corrections �1
± to the suscepti-

bility. Wavy (blue) lines denote gauge field propagator.
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liquid. This is expected to give rise to two-particle con-
tinuum contributions to the dynamical structure factor,
which appear more characteristic of a weakly correlated
metal than a strongly correlated Mott insulator. When
treated as non-interacting fermions, this continuum has
a characteristic shape at small frequency and wavevector
in the presence of an applied Zeeman magnetic field, as
discussed in [14]. In particular, there is non-zero spec-
tral weight in a wedge-shaped region which terminates
at a single point along the energy axis at zero momen-
tum. The purpose of the present work is to determine
the modification of this spectrum by spinon interactions
and gauge fluctuations.

An important constraint follows purely from symme-
try. Provided the Hamiltonian in zero magnetic field has
SU(2) symmetry, a Zeeman magnetic field leads to a fully
determined structure factor at zero momentum. Specif-
ically, the Larmor/Kohn theorem [15] dictates that the
only response at q = 0, �00

? ⇠ M�(!� 2!B), where M is
the magnetization and !B is the spinon Zeeman energy.
For free fermions, the delta function is precisely at the
corner of the spinon particle-hole continuum (also known
as the two-spinon continuum). However, the contact ex-
change interaction shifts up the particle-hole continuum,
at small momentum q, away from the Zeeman energy
2!B to 2!B + uM . This is seen by the trivial Hartree
self-energy ⌃" = un̄#, ⌃# = un̄", where n̄� is the expec-
tation value of spin-� spinon density in the presence of
magnetic field, see Fig. 1. Consequently, for the Larmor
theorem to be obeyed, there must be a collective trans-

verse spin mode at small momenta.

Indeed, this physics is not unique to spin liquids but
applies to paramagnetic metals. Historically, the Silin
spin wave mode was predicted for non-ferromagnetic met-
als by Silin in 1958 within Landau Fermi liquid theory
[16–19], and observed via conduction electron spin res-
onance (CESR) in 1967 [20]. Detailed theory, derived
within Landau Fermi-liquid framework [21] (k-dependent
g-factor [22]), is analogous to the more well-known zero
sound, albeit in the spin rather than density channel.
Unlike zero sound, an external magnetic field is required
in order to shift the particle-hole continuum up along
the energy axis to allow for the undamped collective spin
wave to appear in the triangle-shaped window below it.
The spin wave mode is most conveniently described by
the Random Phase Approximation (RPA), which corre-
sponds to a standard resummation of particle-hole lad-
der diagrams. For the particular case of a momentum-
independent contact interaction, one has (see Fig. 2)

�(q, i!n) =
�0(q, i!n)

1 + u�0(q, i!n)
, (3)

where �0(q, i!n) is the bare susceptibility bubble, cal-
culated using the spinon Green’s functions including the

Hartree shift. For the susceptibility transverse to the field

�0
±(q, i!n) =

1

�V

X

kn,k

1

ikn � ✏k + !B � gn̄#

⇥ 1

ikn + i!n � ✏k+q � !B � gn̄"
. (4)

Here !n, kn are bosonic and fermionic Matsubara fre-
quencies, respectively. Simple calculation, followed by
the analytical continuation i!n ! ! + i0, gives

<�0
±(q,!) =

Msign(! � 2!B � uM)p
(! � 2!B � uM)2 � v2F q

2
,

=�0
±(q,!) =

�Mp
v2F q

2 � (! � 2!B � uM)2
, (5)

where M = n̄" � n̄# is (twice) the magnetization, and
square-roots are defined when their arguments are posi-
tive. The real/imaginary spin susceptibility describes do-
mains outside/inside two-spinon continuum in the (q,!)
plane, correspondingly. At q = 0

�0
±(q = 0,!) =

M

! � 2!B � uM + i0
, (6)

and therefore =�0
±(q = 0,!) ⇠ �(! � 2!B � uM): the

position of the two-spinon continuum renormalized by
the interaction shift. However, inserting (6) in the RPA
formula (3) one finds that the RPA successfully recovers
Larmor theorem at zero momentum for the interacting
SU(2)-invariant system,

�±(q = 0, i!n) =
M

! � 2!B + i0
. (7)

Therefore the contribution at q = 0 is solely from the
collective mode, with no spectral weight from the contin-
uum at 2!B+uM . Dispersion of the collective spin mode
is obtained with the help of (5) and =� = =�0/[(1 +
u<�0)2 + (u=�0)2],

!swave(q) = 2!B + uM �
q

u2M2 + v2F q
2. (8)

For small q ⌧ uM/vF the collective mode is dispersing
downward quadratically ! ⇡ 2!B�(vF q)2/(2uM), while
in the opposite limit q � uM/vF it approaches the low
boundary of the two-spinon continuum, ! ⇡ 2!B+uM�
vF q. Retaining quadratic in q terms in (4) will lead to
the termination of the collective mode at some qmax at
which the spin wave enters the two-spinon continuum.

The above discussion is identical to that for a conven-
tional Fermi liquid, and indeed the observation [20] of
the Silin mode in 1967, which occurred soon after the
detection of the zero sound in He3 [23], was considered
to be one of the first proofs of the validity of the Landau
theory of Fermi-liquids [24]. In the Fermi liquid case,
the sharpness of the mode is established by its falling

RPA

pole: collective mode

! = EZ + um�
q

u2m2 + v2F q
2
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3-particle process:
E = Ep/h(q � k) + Ephoton(k)
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Does this smear out all the Fermi liquid structure?

Simple picture:
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outside the particle-hole continuum, leaving it with no
decay channel. However, in the U(1) spin liquid, there
is an additional branch of low energy excitations due to
the gauge field, dispersing as ! ⇠ k3. The very flat dis-
persion of the gauge excitations suggests it may act as a
momentum sink, so that, for example, an excitation con-
sisting of a particle-hole pair plus a gauge quantum may
exist in the “forbidden” region where the bare particle-
hole continuum vanishes and the spin wave mode lives. It
is therefore critical to understand the e↵ect of the gauge
interactions upon the dynamical susceptibility.

To this end, we consider the dressing of the particle-
hole bubble �0 by gauge propagators. Guided by the
above thinking, we expect that it is su�cient to consider
all diagrams with a single gauge propagator. This in-
volves two diagrams with self-energy contributions, and
a third which constitutes a vertex renormalization (see
Fig. 3). In the following, we denote this dressed by gauge
field fluctuations correction to the transverse susceptibil-
ity as �1

±(q,!). As shown by Kim et al. [13] for similar
diagrams for the density correlations and optical conduc-
tivity, there are important cancellations between self en-
ergy and vertex corrections, which are needed to obtain
the proper long wavelength behavior of �1. We find

�1
±(q, i!n) = �c̃

⌫0vF �1/3

�4/3

!7/3
n (vF q)2(i!n � 2!B � uM)

[(i!n � 2!B � uM)2 � v2F q
2]5/2

(9)
Therefore, indeed, the dressed bubble has a non-zero
imaginary part =�1

± in the previously kinematically for-
bidden region below the particle-hole continuum. This
is a new continuum weight. However, the weight in
this new continuum contribution vanishes quadratically
in momentum as q = 0 is approached. This is an im-
portant check on the calculations, since the Larmor the-
orem still applies to the full theory with the gauge field,
which implies that precisely at zero momentum, there
can be no new contributions. The frequency dependence
is, however, non-trivial. What are the implications for
the spin collective mode? We evaluate this by using the
RPA formula of Eq. (3), but replacing �0

± by �0
± + �1

±,
the susceptibility dressed by gauge fluctuations. With
this approximation, we see that the q2 dependence of
=�̃1

±(q,! ⇡ 2!B) / (2!B)7/3v2F q
2/(uM)4 is su�cient

to ensure that the width (in energy) of the collective
spin mode becomes narrow compared to its frequency at
small momentum: this is the standard criteria for sharp-
ness and observability of a collective excitation. The fi-
nal result for the dynamical susceptibility is summarized
in Fig. ??. Away from the zero momentum axis there
is always non-zero continuum weight, which is the sum
of several distinct contributions. Inside this continuum,
the spin collective mode appears as a resonance which is
asymptotically sharp at small momentum.

The above results apply to the case in which SU(2) spin
rotation symmetry is broken only by the applied Zeeman

=
� �

+
� �

��

FIG. 1. Dyson equation for the spinon Green’s function.
Thick (thin) line denotes renormalized (bare) Green’s func-
tion with spin � =", #. Zigzag (magenta) lines denote lo-
cal repulsion u. The tadpole diagram represents self-energy
⌃� = un̄��.

+ + +...Eq.(3)=

"

#

"

#

"

#

FIG. 2. Ladder series for the transverse susceptibility. Zigzag
(magenta) lines denote local repulsion u. The bare bubble
diagram is �0

±. Open circle denotes spin-flipping vertex.

field. Breaking of the SU(2) invariance by anisotropies in-
validates the Larmor theorem and causes a shift and more
importantly a broadening of the spin collective mode even
at zero momentum. This is of particular importance for
electron spin resonance, which has high energy resolu-
tion but measures directly at zero momentum only. The
way in which the resonance is broadened depends in de-
tail on the nature of the anisotropy, the orientation of
the applied magnetic field, etc., so it is not possible to
give a single general result. Instead, we provide one (or
two?) example(s) of this physics. In particular we con-
sider the influence of a Dzyaloshinskii-Moriya interaction
in the spin system, which is typically the dominant form
of anisotropy for weakly spin-orbit coupled systems, pro-
vided it is symmetry allowed by the lattice.
OS: we may also use figure 4 below.
Go back and recapitulate our earlier calcula-

tions. DM manifests as a Rashba-like term for

the spinons. We obtain a complete scaling func-

tion in a certain limit...

Can we include some simplistic discussion for

XXZ exchange anisotropy?

Physical implications – need ESR and inelastic neu-
tron scattering at small q and finite magnetic field. Has
been recently done in YbMgGaO4 - no separate from PH

+ +Eq.(9)=

"

#

"

#

"

#

FIG. 3. Leading gauge field corrections �1
± to the suscepti-

bility. Wavy (blue) lines denote gauge field propagator.

Actual calculation:

4

FIG. 4. Magnetic excitation spectrum of an interacting U(1)
spin liquid with spinon Fermi surface.

continuum excitations seen. Why?!
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Supplementary Material

Gauge field corrections to the bubble

In the main text, we show that coupling to the gauge field induces spectral weight outside the region of the particle-
hole continuum of the free fermion theory. On physical grounds, this is expected because in addition to the fermionic
“quasiparticles” (we use quotes because they are not gauge invariant and have a non-Fermi liquid self-energy) the
system possesses collective gauge excitations with a very soft dispersion relation ! ⇠ k3. By creating a particle-hole
pair and a photon, one may shunt enough of the total momentum of the excitation in to the photon to bring the
remainder into the kinematically allowed region for particle-hole pairs, and because the energy of the photon is so
small, this should be possible at just about any energy. With this picture in mind, we seek contributions to the
dynamical spin structure factor with a single gauge field propagator, because “cutting” this line corresponds to a
single excited photon excitation. With a single gauge propagator, there are three diagrams, as shown in Fig. ??. In
the first and second contributions, ⇧1(q,!n) and ⇧2(q,!n), the gauge line does not cross the particle-hole bubble,
so the gauge field acts here as a self-energy correction to one of the two fermion lines. In the third diagram, the
gauge line crosses the bubble, so this is not a self-energy term but instead a vertex correction. Care must be taken to
combine all three terms because, as shown by Kim et al[13], there are important cancellations between them which
are required to maintain gauge invariance and avoid unphysical results at low frequency and momentum.

c.f.

Im�± ⇠ q2!7/3
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weight at all q != 0

but weak enough to 
preserve structure
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Summary
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Distinct signatures of spinons, 
interactions, and gauge fields 

O.Starykh + LB, 
in preparation
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• Quantized value of thermal Hall conductivity can be measured 
even when large phonon conductivity is present 

• Quantization is only power-law good, and deviations are 
controlled by edge-bulk equilibration

• Fermionic two-spinon continuum modified by Silin 
spin wave and gauge continuum. 

• Further work: modifications near q=0 by anisotropies/
SOC - needed to understand ESR, extension to Dirac 
spin liquids


