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          Date         Growth
12/05/2017   63,046 acres

12/06/2017   33,032 acres

12/07/2017   34,657 acres

12/08/2017   17,471 acres

12/09/2017   14,508 acres

12/10/2017   60,981 acres

12/11/2017   7,671 acres

12/12/2017   5,643 acres
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Topological semimetals

• Band touching at some points/lines in 
momentum space

• May be protected by topology and/or 
symmetry

• 2d: graphene

• 3d: Weyl points, Dirac points, nodal 
lines...



Weyl semimetal

ACCIDENTAL D EGEN ERAC Y 373

For crystals with an inversion center, contacts
of equivalent manifolds M'(k), 3f'(k) may occur
at all points k of an endless curve, or of a number
of such curves, in k-space. These contact curves
cannot be destroyed or broken by any infini-
tesimal change in the potential U which pre-
serves the inversional symmetry. It is vanishingly
improbable for such curves to lie in planes of
symmetry in the B-Z; however a contact curve
may pass through a symmetry axis at a point
where necessary degeneracy or contact of
inequivalent manifolds occurs.
Suppose that for a crystal with an inversion

center a contact of inequivalent manifolds
3E'(k), M'(k) occurs at a point k on a sym-
metry axis, and suppose that m'(k) and m'(k)
are each one-dimensional. Then if the vector g
(proportional in the Hartree case to (P„', iVPq, &))'
does not vanish, a curve of contact must pass
through k. This curve may be a curve of contact
of equivalent manifolds of the type just described,
or it may be a curve of contact of inequivalent
manifolds in a plane of symmetry. Naturally if
there is no such symmetry plane in the space
group, the former alternative must hold.
For a crystal whose space group consists only

of its translation group plus an inversion, three
types of contact curves may occur, which are
most easily described when energy is considered
as a trebly periodic function of wave vector in
the infinite reciprocal lattice space. The first
type is a simple closed circuit which is distinct
from the circuit obtained from it by the inversion
k~—k. The second type is a simple closed circuit
which either coincides with the inverse circuit
or can be brought into coincidence with it by 2x
times a translation of the reciprocal lattice. The
third type is a curve extending periodically to
infinity. Now consider any energy band i, and
the band j next above it. For each of the eight
distinct points k„(r=1 to 8) of the B-Z whose
G~" contain the inversion let the numbers

X+(k„,i), E (k„ i), of odd and' of even eigen-
functions fs, ' be counted which have energies
E'(k,) ~& E'(k„). Now the quantity

is an integer, and according to whether this
integer is odd or even the number of circuits of
the second type along which contact between the
bands i and j occurs must be odd or even. Since
any crystal with an inversion center can be made
by an infinitesimal change in the form of U into
one whose space group is merely its translation
group plus the inversion, this implies certain
restrictions on the numbers of contact curves
which may occur for crystals of higher sym-
metry. Prediction of the existence of curves of
contact of equivalent manifolds may therefore
be possible from a knowledge merely of the
energies of the different M'(k, ) at the eight
points k„.
For a crystal without an inversion center, the

energy separation 8E(k+x) in the neigborhood
of a point k where contact of equivalent mani-
folds occurs may be expected to be of the order
of ~ as ~—+0, for all directions of x.
For a crystal with an inversion center, the

energy separation 8E(k') at a point k' near a
curve of contact of equivalent manifolds may be
expected to be of the order of the distance of k'
from the curve.
All kinds of contacts of equivalent manifolds

except the ones described above are vanishingly
improbable. In particular, the occurrence of
isolated points of contact of equivalent manifolds
for crystals with an inversion center is vanish-
ingly improbable.

I should like to express my gratitude to Pro-
fessor E.Wigner for his interest in this work, and
to Dr. L. P. Bouckaert and Dr. R. Smoluchowski
for some interesting discussions.

ACCIDENTAL DEGENERACY 365

basis vectors for a real representation of the
space group of the crystal, and that the normal
modes belonging to a representation which is
irreducible in the field of real numbers, even
though reducible in the complex field, must all
have the same frequency. 7 Thus mathematically
the theory of normal modes and their frequencies

~ Cf. E. Wigner, Gott. Nachr. (1930), p. 133.

is just like the theory of electronic wave functions
and their energies: frequency can be plotted as a
function of wave vector, and sticking together of
two or more of these frequency bands will occur
at wave vectors k where G' has multidimensional
representations or where case (b) or case (c), as
defined above, occurs.
It is a pleasure for me to express my thanks to

Professor E.Wigner, who suggested this problem.

AUGUST 15, 1937 PHYSICAL REVIEW VOLUM E 52

Accidental Degeneracy in the Energy Bands of Crystals
CONYERS HERRING

Princeton University, Princeton, Net Jersey
(Received June 16, 1937)

The circumstances are investigated under which two wave functions occurring in the Hartree
or I'ock solution for a crystal can have the same reduced wave vector and the same energy, It
is found that coincidence of the energies of wave functions with the same symmetry properties,
as well as those with different symmetries, is often to be expected. Some qualitative features
are derived of the way in which energy varies with wave vector near wave vectors for which
degeneracy occurs. All these results, like those of the preceding paper, should be applicable
also to the frequency spectrum of the normal modes of vibration of a crystal.

"N previous papers, by Bouckaert, Smoluchow-
- - ski, and Wigner, ' and by the author, ' certain
properties of the wave functions and energy
values of an electron moving in the periodic field
of a crystal were derived. These properties were
the properties necessitated by the symmetry of
the crystal and by the reality of the Hamiltonian.
The two questions to be discussed in this paper
are:
(1) In the solution of Hartree's or Fock's

equations for a crystal to what extent may one
expect to encounter accidental coincidences in
energy between two one-electron wave functions
with the same wave vector? By "accidental"
coincidences are to be understood coincidences
not necessitated by the symmetry and reality of
the Hamiltonian.
(2) If the energies of two or more bands

coincide at wave vector k, whether accidentally
or for reasons of symmetry and reality, how may
the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,

58 (1936), hereafter referred to as BSW.' Preceding paper, hereafter referred to as I.

The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made

by M. Blackman, Proc. Roy. Soc. A159, 416 (1937).

H = v~� · ~k
A two-component spinor in three 

dimensions: “half” of a Dirac fermion.
Weyl fermions have a chirality  and 

must be massless
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Weyl semimetal

ACCIDENTAL D EGEN ERAC Y 373

For crystals with an inversion center, contacts
of equivalent manifolds M'(k), 3f'(k) may occur
at all points k of an endless curve, or of a number
of such curves, in k-space. These contact curves
cannot be destroyed or broken by any infini-
tesimal change in the potential U which pre-
serves the inversional symmetry. It is vanishingly
improbable for such curves to lie in planes of
symmetry in the B-Z; however a contact curve
may pass through a symmetry axis at a point
where necessary degeneracy or contact of
inequivalent manifolds occurs.
Suppose that for a crystal with an inversion

center a contact of inequivalent manifolds
3E'(k), M'(k) occurs at a point k on a sym-
metry axis, and suppose that m'(k) and m'(k)
are each one-dimensional. Then if the vector g
(proportional in the Hartree case to (P„', iVPq, &))'
does not vanish, a curve of contact must pass
through k. This curve may be a curve of contact
of equivalent manifolds of the type just described,
or it may be a curve of contact of inequivalent
manifolds in a plane of symmetry. Naturally if
there is no such symmetry plane in the space
group, the former alternative must hold.
For a crystal whose space group consists only

of its translation group plus an inversion, three
types of contact curves may occur, which are
most easily described when energy is considered
as a trebly periodic function of wave vector in
the infinite reciprocal lattice space. The first
type is a simple closed circuit which is distinct
from the circuit obtained from it by the inversion
k~—k. The second type is a simple closed circuit
which either coincides with the inverse circuit
or can be brought into coincidence with it by 2x
times a translation of the reciprocal lattice. The
third type is a curve extending periodically to
infinity. Now consider any energy band i, and
the band j next above it. For each of the eight
distinct points k„(r=1 to 8) of the B-Z whose
G~" contain the inversion let the numbers

X+(k„,i), E (k„ i), of odd and' of even eigen-
functions fs, ' be counted which have energies
E'(k,) ~& E'(k„). Now the quantity

is an integer, and according to whether this
integer is odd or even the number of circuits of
the second type along which contact between the
bands i and j occurs must be odd or even. Since
any crystal with an inversion center can be made
by an infinitesimal change in the form of U into
one whose space group is merely its translation
group plus the inversion, this implies certain
restrictions on the numbers of contact curves
which may occur for crystals of higher sym-
metry. Prediction of the existence of curves of
contact of equivalent manifolds may therefore
be possible from a knowledge merely of the
energies of the different M'(k, ) at the eight
points k„.
For a crystal without an inversion center, the

energy separation 8E(k+x) in the neigborhood
of a point k where contact of equivalent mani-
folds occurs may be expected to be of the order
of ~ as ~—+0, for all directions of x.
For a crystal with an inversion center, the

energy separation 8E(k') at a point k' near a
curve of contact of equivalent manifolds may be
expected to be of the order of the distance of k'
from the curve.
All kinds of contacts of equivalent manifolds

except the ones described above are vanishingly
improbable. In particular, the occurrence of
isolated points of contact of equivalent manifolds
for crystals with an inversion center is vanish-
ingly improbable.

I should like to express my gratitude to Pro-
fessor E.Wigner for his interest in this work, and
to Dr. L. P. Bouckaert and Dr. R. Smoluchowski
for some interesting discussions.

ACCIDENTAL DEGENERACY 365

basis vectors for a real representation of the
space group of the crystal, and that the normal
modes belonging to a representation which is
irreducible in the field of real numbers, even
though reducible in the complex field, must all
have the same frequency. 7 Thus mathematically
the theory of normal modes and their frequencies

~ Cf. E. Wigner, Gott. Nachr. (1930), p. 133.

is just like the theory of electronic wave functions
and their energies: frequency can be plotted as a
function of wave vector, and sticking together of
two or more of these frequency bands will occur
at wave vectors k where G' has multidimensional
representations or where case (b) or case (c), as
defined above, occurs.
It is a pleasure for me to express my thanks to

Professor E.Wigner, who suggested this problem.

AUGUST 15, 1937 PHYSICAL REVIEW VOLUM E 52

Accidental Degeneracy in the Energy Bands of Crystals
CONYERS HERRING

Princeton University, Princeton, Net Jersey
(Received June 16, 1937)

The circumstances are investigated under which two wave functions occurring in the Hartree
or I'ock solution for a crystal can have the same reduced wave vector and the same energy, It
is found that coincidence of the energies of wave functions with the same symmetry properties,
as well as those with different symmetries, is often to be expected. Some qualitative features
are derived of the way in which energy varies with wave vector near wave vectors for which
degeneracy occurs. All these results, like those of the preceding paper, should be applicable
also to the frequency spectrum of the normal modes of vibration of a crystal.

"N previous papers, by Bouckaert, Smoluchow-
- - ski, and Wigner, ' and by the author, ' certain
properties of the wave functions and energy
values of an electron moving in the periodic field
of a crystal were derived. These properties were
the properties necessitated by the symmetry of
the crystal and by the reality of the Hamiltonian.
The two questions to be discussed in this paper
are:
(1) In the solution of Hartree's or Fock's

equations for a crystal to what extent may one
expect to encounter accidental coincidences in
energy between two one-electron wave functions
with the same wave vector? By "accidental"
coincidences are to be understood coincidences
not necessitated by the symmetry and reality of
the Hamiltonian.
(2) If the energies of two or more bands

coincide at wave vector k, whether accidentally
or for reasons of symmetry and reality, how may
the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,

58 (1936), hereafter referred to as BSW.' Preceding paper, hereafter referred to as I.

The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made

by M. Blackman, Proc. Roy. Soc. A159, 416 (1937).

H = v~� · ~k
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B.A Bernevig, T.L. Hughes, S.C. Zhang, Science 314, 1757 (2006)

A Weyl point is a “topological defect” 
in momentum space: a monopole for 

the Berry curvature
rk · B = ±2⇡q



Weyl semimetal
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For crystals with an inversion center, contacts
of equivalent manifolds M'(k), 3f'(k) may occur
at all points k of an endless curve, or of a number
of such curves, in k-space. These contact curves
cannot be destroyed or broken by any infini-
tesimal change in the potential U which pre-
serves the inversional symmetry. It is vanishingly
improbable for such curves to lie in planes of
symmetry in the B-Z; however a contact curve
may pass through a symmetry axis at a point
where necessary degeneracy or contact of
inequivalent manifolds occurs.
Suppose that for a crystal with an inversion

center a contact of inequivalent manifolds
3E'(k), M'(k) occurs at a point k on a sym-
metry axis, and suppose that m'(k) and m'(k)
are each one-dimensional. Then if the vector g
(proportional in the Hartree case to (P„', iVPq, &))'
does not vanish, a curve of contact must pass
through k. This curve may be a curve of contact
of equivalent manifolds of the type just described,
or it may be a curve of contact of inequivalent
manifolds in a plane of symmetry. Naturally if
there is no such symmetry plane in the space
group, the former alternative must hold.
For a crystal whose space group consists only

of its translation group plus an inversion, three
types of contact curves may occur, which are
most easily described when energy is considered
as a trebly periodic function of wave vector in
the infinite reciprocal lattice space. The first
type is a simple closed circuit which is distinct
from the circuit obtained from it by the inversion
k~—k. The second type is a simple closed circuit
which either coincides with the inverse circuit
or can be brought into coincidence with it by 2x
times a translation of the reciprocal lattice. The
third type is a curve extending periodically to
infinity. Now consider any energy band i, and
the band j next above it. For each of the eight
distinct points k„(r=1 to 8) of the B-Z whose
G~" contain the inversion let the numbers

X+(k„,i), E (k„ i), of odd and' of even eigen-
functions fs, ' be counted which have energies
E'(k,) ~& E'(k„). Now the quantity

is an integer, and according to whether this
integer is odd or even the number of circuits of
the second type along which contact between the
bands i and j occurs must be odd or even. Since
any crystal with an inversion center can be made
by an infinitesimal change in the form of U into
one whose space group is merely its translation
group plus the inversion, this implies certain
restrictions on the numbers of contact curves
which may occur for crystals of higher sym-
metry. Prediction of the existence of curves of
contact of equivalent manifolds may therefore
be possible from a knowledge merely of the
energies of the different M'(k, ) at the eight
points k„.
For a crystal without an inversion center, the

energy separation 8E(k+x) in the neigborhood
of a point k where contact of equivalent mani-
folds occurs may be expected to be of the order
of ~ as ~—+0, for all directions of x.
For a crystal with an inversion center, the

energy separation 8E(k') at a point k' near a
curve of contact of equivalent manifolds may be
expected to be of the order of the distance of k'
from the curve.
All kinds of contacts of equivalent manifolds

except the ones described above are vanishingly
improbable. In particular, the occurrence of
isolated points of contact of equivalent manifolds
for crystals with an inversion center is vanish-
ingly improbable.

I should like to express my gratitude to Pro-
fessor E.Wigner for his interest in this work, and
to Dr. L. P. Bouckaert and Dr. R. Smoluchowski
for some interesting discussions.

ACCIDENTAL DEGENERACY 365

basis vectors for a real representation of the
space group of the crystal, and that the normal
modes belonging to a representation which is
irreducible in the field of real numbers, even
though reducible in the complex field, must all
have the same frequency. 7 Thus mathematically
the theory of normal modes and their frequencies

~ Cf. E. Wigner, Gott. Nachr. (1930), p. 133.

is just like the theory of electronic wave functions
and their energies: frequency can be plotted as a
function of wave vector, and sticking together of
two or more of these frequency bands will occur
at wave vectors k where G' has multidimensional
representations or where case (b) or case (c), as
defined above, occurs.
It is a pleasure for me to express my thanks to

Professor E.Wigner, who suggested this problem.

AUGUST 15, 1937 PHYSICAL REVIEW VOLUM E 52

Accidental Degeneracy in the Energy Bands of Crystals
CONYERS HERRING

Princeton University, Princeton, Net Jersey
(Received June 16, 1937)

The circumstances are investigated under which two wave functions occurring in the Hartree
or I'ock solution for a crystal can have the same reduced wave vector and the same energy, It
is found that coincidence of the energies of wave functions with the same symmetry properties,
as well as those with different symmetries, is often to be expected. Some qualitative features
are derived of the way in which energy varies with wave vector near wave vectors for which
degeneracy occurs. All these results, like those of the preceding paper, should be applicable
also to the frequency spectrum of the normal modes of vibration of a crystal.

"N previous papers, by Bouckaert, Smoluchow-
- - ski, and Wigner, ' and by the author, ' certain
properties of the wave functions and energy
values of an electron moving in the periodic field
of a crystal were derived. These properties were
the properties necessitated by the symmetry of
the crystal and by the reality of the Hamiltonian.
The two questions to be discussed in this paper
are:
(1) In the solution of Hartree's or Fock's

equations for a crystal to what extent may one
expect to encounter accidental coincidences in
energy between two one-electron wave functions
with the same wave vector? By "accidental"
coincidences are to be understood coincidences
not necessitated by the symmetry and reality of
the Hamiltonian.
(2) If the energies of two or more bands

coincide at wave vector k, whether accidentally
or for reasons of symmetry and reality, how may
the energies of these bands be expected to vary
with wave vector in the neighborhood of k?
' Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,

58 (1936), hereafter referred to as BSW.' Preceding paper, hereafter referred to as I.

The analysis necessary to answer these ques-
tions is rather tedious. Despite this and the fact
that it may not be of practical significance to
bother about too fine details in an approximate
theory, the discussion to be given below may be
of value in forming pictures of the energy band
structures of metals, especially of multivalent
ones. In particular, it is hoped that the complete
determination of energy as a function of wave
vector by interpolation from the results of cal-
culations of the Wigner-Seitz-Slater type will be
facilitated and made more reliable. The results
of this paper also apply, as did those of I, to the
frequency spectrum of the normal modes of
vibration of a crystal; however numerical cal-
culation of these frequencies has not yet ad-
vanced as far as has the calculation of electronic
bands. 3
The notation to be used is the same as in I.

In addition, the symbol LM', 3P] will be intro-
duced to represent the subspace of Hilbert space
spanned together by any two linear manifolds
of wave functions M' and M'.
' Calculations for a simple cubic lattice have been made

by M. Blackman, Proc. Roy. Soc. A159, 416 (1937).
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Weyl point is “symmetry prevented”: 
needs broken inversion and/or time-

reversal
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TOPOLOGICAL SEMIMETAL AND FERMI-ARC SURFACE . . . PHYSICAL REVIEW B 83, 205101 (2011)

state for this subsystem [see Fig. 5(b)]. Hence, this surface state
crosses zero energy somewhere on the surface Brillouin zone
kλ0 . Such a state can be obtained for every curve enclosing
the Weyl point. Thus, at zero energy, there is a Fermi line in
the surface Brillouin zone, that terminates at the Weyl point
momenta [see Fig. 5(c)]. An arc beginning on a Weyl point
of chirality c has to terminate on a Weyl point of the opposite
chirality. Clearly, the net chirality of the Weyl points within
the (λ, kz) torus was a key input in determining the number of
these states. If Weyl points of opposite chirality line up along
the kz direction, then there is a cancellation and no surface
states are expected.

In the calculations for Y2Ir2O7, at U = 1.5 eV, a Dirac
(or Weyl) node is found to occur at the momentum
(0.52,0.52,0.30)2π/a (in the coordinate system aligned with
the cubic lattice of the crystal) and equivalent points (see
Fig. 4). They can be thought of as occurring on the edges of a
cube, with a pair of Dirac nodes of opposite chirality occupying
each edge, as, for example, the points (0.52,0.52,0.30)2π/a
and (0.52,0.52,−0.30)2π/a. For the case of U = 1.5 eV, the
sides of this cube have the length 0.52(4π/a). Thus, the (111)
and (110) surfaces would have surface states connecting the
projected Weyl points [see Fig. 6 for the (110) surface states
and the theoretical expectation for the (111) surface]. If, on
the other hand, we consider the surface orthogonal to the (001)
direction, Weyl points of opposite chirality are projected to the
same surface momentum along the edges of the cube. Thus,
no protected states are expected for this surface.

To verify these theoretical considerations, we have con-
structed a tight-binding model which has features seen in our
electronic structure calculations for Y2Ir2O7. The calculated
(110) surface band structure for the slab of 128 atoms together
with the sketch of the obtained Fermi arcs is shown in Fig. 6.
This figure shows Fermi arcs from both the front and the back
face of the slab, so there are twice as many arcs coming out of
each Weyl point as predicted for a single surface.

The tight-binding model considers only t2g orbitals of Ir
atoms in the global coordinate system. Since Ir atoms form
a tetrahedral network (see Fig. 2), each pair of nearest-
neighboring atoms forms a corresponding σ -like bond whose
hopping integral is denoted as t and another two π -like
bonds whose hopping integrals are denoted as t ′. To sim-
ulate the appearance of the Weyl point it is essential to
include next-nearest-neighbor interactions between t2g orbitals
which are denoted as t ′′. With the parameters t = 0.2, t ′ =
0.5t , t ′′ = −0.2t , the value of the on-site spin-orbit coupling
equal to 2.5t and the applied on-site “Zeeman” splitting of 0.1t
between states parallel and antiparallel to the local quantization
axis of the all-in/all-out configuration we can roughly model
the bulk Weyl semimetal state; when this model is solved on a
lattice with a boundary, the surface states shown in the figure
appear.

V. DISCUSSION

We now discuss how the present theoretical description
compares with experimental facts. We propose that the low-
temperature state of Y2Ir2O7 (and also possibly of A =
Eu, Sm, and Nd iridates) is a Weyl semimetal, with all-
in/all-out magnetic order. This is broadly consistent with the

FIG. 6. (Color online) Surface states. The calculated surface
energy bands correspond to the (110) surface of the pyrochlore
iridate Y2Ir2O7. A tight-binding approximation has been used to
simulate the bulk band structure with three-dimensional Weyl points
as found by our LSDA + U + SO calculation. The plot corresponds
to diagonalizing 128 atoms slab with two surfaces. The upper inset
shows a sketch of the deduced Fermi arcs connecting projected
bulk Weyl points of opposite chirality. The inset below sketches the
theoretically expected surface states on the (111) surface at the Fermi
energy (surface band structure not shown for this case).

interconnection between insulating behavior and magnetism
observed experimentally.9,10 It is also consistent with being
proximate to a metallic phase on lowering the correlation
strength, such as A = Pr (Ref. 17). In the clean limit, a three-
dimensional Weyl semimetal is an electrical insulator and can
potentially account for the observed electrical resistivity. The
noncollinear magnetic order proposed has Ising symmetry
and could undergo a continuous ordering transition. The
observed “spin-glass”-like magnetic signature could perhaps
arise from defects like magnetic domain walls. A direct probe
of magnetism is currently lacking and would shed light on this
key question. At lower values of U , the system may realize
an “axion insulator” phase with a magnetoelectric response
θ = π , although within our calculations (which are known to
underestimate stability of such gapped phases) a Fermi surface
appears before this happens.

In summary, a theoretical phase diagram for the physical
system is shown in Fig. 1 as a function of U and applied
magnetic field, which leads to a metallic state beyond a critical
field. The precise nature of these phase transformations is not
addressed in the present study.

Note: An experimental paper35 appeared recently in which
it is found that the spins in a related compound (Eu2Ir2O7) form
a regularly ordered state rather than a spin-glass, consistent
with our results. It would be interesting to learn whether this
compound is a Weyl metal or not.
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Why magnetic Weyls?
• Possibility to observe AHE

• Interesting correlation physics of 
magnetism

• Ability to affect electrons in situ by 
modifying magnetic configuration

• Probe static and dynamical effects of real 
space topological defects
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it was shown that the insulating ground states evolve from a
high-temperature metallic phase via a magnetic transition.9,10

The magnetism was shown to arise from the Ir sites, since it
also occurs in A = Y, Lu, where the A sites are nonmagnetic.
While its precise nature remains unknown, ferromagnetic
ordering is considered unlikely, since magnetic hysteresis is
not observed.

We show that electronic structure calculations can naturally
account for this evolution and point to a novel ground state.
First, we find that magnetic moments order on the Ir sites
in a noncollinear pattern with moment on a tetrahedron
pointing all in or all out from the center. This structure retains
inversion symmetry, a fact that greatly aids the electronic
structure analysis. While the magnetic pattern remains fixed,
the electronic properties evolve with correlation strength. For
weak correlations, or in the absence of magnetic order, a
metal is obtained, in contrast to the interesting topological
insulator scenario of Ref. 8. With strong correlations we find
a Mott insulator with all-in/all-out magnetic order. However,
for the case of intermediate correlations, relevant to Y2Ir2O7,
the electronic ground state is found to be a Weyl semimetal,
with linearly dispersing Dirac nodes at the chemical potential
and other properties described above.

We also mention the possibility of an exotic insulating
phase emerging when the Weyl points annihilate in pairs
as the correlations are reduced; we call it the θ = π axion
insulator. Although our LSDA + U + SO calculations find
that a metallic phase intervenes before this possibility is
realized, we note that local-density approximation (LDA)
systematically underestimates gaps, so this scenario could well
occur in reality. Finally, we mention that modest magnetic
fields could induce a reorientation of the magnetic moments,
leading to a metallic phase. Previous studies include Ref. 18, an
ab initio study which considered ferromagnetism. In Ref. 19,
the tight-binding model of Ref. 8 was extended to include
tetragonal crystal fields, but in the absence of magnetism. The
topological Dirac metal and axion insulator discussed here do
not appear in those works, largely due to the difference of
magnetic order from our study.

We begin by giving a brief overview of the theoretical
ideas that will be invoked in this work, before turning to our
LSDA + U calculations of magnetic and electronic structure
of the pyrochlore iridates. We then discuss the special surface
states that arise in the Weyl semimetal phase and close with
a comparison to existing experiments and conclusions. Our
results are summarized in the phase diagram Fig. 1.

I. WEYL SEMIMETALS AND INVERSION-SYMMETRIC
INSULATORS

Weyl points are points where the valence band and
conduction band touch. The excitations near each Weyl point
k0 are described by an effective Hamiltonian:

HD = E01 + v0 · q1 +
3∑

i=1

vi · qσi . (1)

Energy is measured from the chemical potential, q = k − k0
and (1, σi) are the identity matrix and three Pauli matrices,
respectively. This Hamiltonian is obtained by expanding the

FIG. 1. (Color online) Sketch of the predicted phase diagram
for pyrochlore iridiates. The horizontal axis corresponds to the
increasing interaction among Ir 5d electrons while the vertical axis
corresponds to external magnetic field, which can trigger a transition
out of the noncollinear “all-in/all-out” ground state, which has several
electronic phases.

full Hamiltonian to linear order. No assumptions are needed
beyond the requirement that the two eigenvalues become
degenerate at k0. The velocity vectors vi are generically
nonvanishing and linearly independent. The energy dispersion

is conelike, $E = v0 · q ±
√∑3

i=1(vi · q)2. One can assign a
chirality (or chiral charge) c = ±1 to the fermions defined as
c = sgn(v1 · v2 × v3). Note that, since the 2 × 2 Pauli matrices
appear, our Weyl particles are two-component fermions. In
contrast to regular four component Dirac fermions, it is not
possible to introduce a mass gap. The only way for these modes
to disappear is if they meet with another two-component Weyl
fermion in the Brillouin zone, but with opposite chiral charge.
Thus, they are topological objects. By inversion symmetry, the
band touchings come in pairs, at k0 and −k0, and these have
opposite chiralities (since the velocity vectors are reversed).

This semimetallic behavior would not occur (generically)
in a system without magnetic order. In materials such as
bismuth, with both time reversal and inversion symmetry,
Dirac fermions always contain both left- and right-handed
components and are thus typically gapped.20

When the compound has stoichiometric composition, and
all the Weyl points are related by symmetry, the Fermi energy
can generically line up with the energy of the touching points.
Under these circumstances, the density of states is equal to
zero and the behavior of the Weyl fermions controls the
low-temperature physics of the solid. For example, the ac
conductivity should have a particular frequency dependence,
and novel types of surface states should occur, as discussed
below. Because of the symmetry relating the Weyl points,
their energies E0 must coincide. Then, the Fermi energy is
fixed at the touching points because of the Kohn-Luttinger
theorem: At stoichiometry, there are an integer number of
electrons per unit cell. Hence, the Kohn-Luttinger theorem
implies that the volume of particlelike minus holelike Fermi
surfaces must be a multiple of the volume of the Brillouin
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Mn3Sn andMn3Ge are actuallymetallic, as seen from the band structures. However, we retain the
terminology ofWeyl semimetal for simplicity and consistency. The valence and conduction bands cross each
many times near the Fermi energy, generatingmultiple pairs ofWeyl points.Wefirst investigate the Sn
compound. Supposing that the total valence electron number isNv, we search for the crossing points between
the Nv

th and +N 1v
th( ) bands.

As shown infigure 3(a), there are six pairs ofWeyl points in the first Brillouin zone; these can be classified
into three groups according to their positions, noted asW1,W2, andW3. TheseWeyl points lie in theMz plane
(withW2 points being only slightly off this plane owing to the residual-moment-induced symmetry breaking)
and slightly above the Fermi energy. Therefore, there are four copies for each of them according to the symmetry
analysis in equation (2). Their representative coordinates and energies are listed in table 1 and also indicated in
figure 3(a). AWeyl point (e.g.,W1 infigures 3(b) and (c)) acts as a source or sink of the Berry curvatureW, clearly
showing themonopole feature with a definite chirality.

In contrast toMn3Sn,Mn3Ge displaysmanymoreWeyl points. As shown in figure 4(a) and listed in table 2,
there are nine groups ofWeyl points. Here W1,2,7,9 lie in theMz planewithW9 on the ky axis,W4 appears in the
Mx plane, and the others are in generic positions. Therefore, there are four copies of W1,2,7,4, two copies ofW9,
and eight copies of otherWeyl points. Although there aremany otherWeyl points in higher energies owing to

Figure 2.Bulk band structures for (a)Mn3Sn and (b)Mn3Ge along high-symmetry lineswith SOC. The bands near theZ andK
(indicated by red circles) are expanded to showdetails in (a). The Fermi energy is set to zero.

Figure 3. Surface states ofMn3Sn. (a)Distribution ofWeyl points inmomentum space. Black andwhite points representWeyl points
with− and+ chirality, respectively. (b) and (c)monopole-like distribution of the Berry curvature near aW1Weyl point. (d) Fermi
surface atEF=86meV crossing theW1Weyl points. The color represents the surface LDOS. Twopairs ofW1 points are shown
enlarged in the upper panels, where clear Fermi arcs exist. (e) Surface band structure along a line connecting a pair ofW1 points with
opposite chirality. (f) Surface band structure along thewhite horizontal line indicated in (d). Here p1 and p2 are the chiral states
corresponding to the Fermi arcs.
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and slightly above the Fermi energy. Therefore, there are four copies for each of them according to the symmetry
analysis in equation (2). Their representative coordinates and energies are listed in table 1 and also indicated in
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FIG. 2: First-principles band structure of RAlGe (R=La, Ce, and Pr). (a,b) Calculated

bulk band structure of LaAlGe without and with the inclusion of spin-orbit coupling. (c,d) Bulk

band structure of CeAlGe without and with the inclusion of spin-orbit coupling. In c the bands of

spin-up and spin-down states are plotted in red and violet colors, respectively. (e,f) same as (c,d)

but for PrAlGe.
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FIG. 3: Weyl fermions in LaAlGe, CeAlGe, and PrAlGe.



Quasiparticles
Expect that any magnetically ordered system 

is described at first order by mean-field 
quasiparticle Hamiltonian

H = Hband �
X

i

hi · c†i
�

2
ci

effective Zeeman “exchange” field 
due to local ordered moment

Think of free-electron structure associated 
with each magnetic configuration



Mn3Sn family

2 1 2  |  N A T U R E  |  V O L  5 2 7  |  1 2  N O V E M B E R  2 0 1 5
© 2015 Macmillan Publishers Limited. All rights reserved

LETTER
doi:10.1038/nature15723

Large anomalous Hall effect in a non-collinear 
antiferromagnet at room temperature
Satoru Nakatsuji1,2, Naoki Kiyohara1 & Tomoya Higo1

In ferromagnetic conductors, an electric current may induce 
a transverse voltage drop in zero applied magnetic field: this 
anomalous Hall effect1 is observed to be proportional to 
magnetization, and thus is not usually seen in antiferromagnets in 
zero field2. Recent developments in theory and experiment have 
provided a framework for understanding the anomalous Hall 
effect using Berry-phase concepts3, and this perspective has led to 
predictions that, under certain conditions, a large anomalous Hall 
effect may appear in spin liquids and antiferromagnets without net 
spin magnetization4–8. Although such a spontaneous Hall effect has 
now been observed in a spin liquid state9, a zero-field anomalous 
Hall effect has hitherto not been reported for antiferromagnets. 
Here we report empirical evidence for a large anomalous Hall effect 
in an antiferromagnet that has vanishingly small magnetization. 
In particular, we find that Mn3Sn, an antiferromagnet that has  
a non-collinear 120-degree spin order10,11, exhibits a large ano-
malous Hall conductivity of around 20 per ohm per centimetre at 
room temperature and more than 100 per ohm per centimetre at 
low temperatures, reaching the same order of magnitude as in 
ferromagnetic metals3. Notably, the chiral antiferromagnetic state 
has a very weak and soft ferromagnetic moment of about 0.002 
Bohr magnetons per Mn atom (refs 10, 12), allowing us to switch 
the sign of the Hall effect with a small magnetic field of around a 
few hundred oersted. This soft response of the large anomalous 
Hall effect could be useful for various applications including 
spintronics—for example, to develop a memory device that produces 
almost no perturbing stray fields.

Mn3Sn is a hexagonal antiferromagnet (AFM) that exhibits non- 
collinear ordering of Mn magnetic moments at the Néel temperature 
of TN ≈  420 K (refs 10, 11, 13). The system has a hexagonal Ni3Sn-type 
structure with space group P63/mmc (Fig. 1a). The structure is stable 
only in the presence of excess Mn, which randomly occupies the Sn 
site13. The basal plane projection of the Mn sublattice can be viewed 
as a triangular lattice arrangement of a twisted triangular tube made 
of face-sharing octahedra (Fig. 1a, b). Each a–b plane consists of a 
slightly distorted kagome lattice of Mn moments each of ~3 μB (where 
μ B is the Bohr magneton), and the associated geometrical frustration 
manifests itself as an inverse triangular spin structure that carries 
a very small net ferromagnetic moment of ~0.002 μB per Mn atom  
(Fig. 1c)10,11. All Mn moments lie in the a–b plane and form a chiral 
spin texture with an opposite vector chirality to the usual 120° struc-
ture (Extended Data Fig. 1). This inverse triangular configuration 
has an orthorhombic symmetry, and only one of the three moments 
in each Mn triangle is parallel to the local easy-axis10–12 (Fig. 1c). 
Thus, the canting of the other two spins towards the local easy-axis is 
considered to be the origin of the weak ferromagnetic moment10–12.

It is known that as-grown crystals retain the inverse triangular spin 
state over a wide temperature (T) range between TN and ∼ 50 K (ref. 14). 
At low temperatures, a cluster glass phase appears with a large c-axis 
ferromagnetic component due to spin canting towards the c axis11,15,16.  
In this work, we used as-grown single crystals that have the 

composition Mn3.02Sn0.98 and confirmed no transition except the one 
at 50 K (Methods). As the detailed spin structure is unknown for the 
low temperature phase, here we focus on the phase stable above 50 K, 
and use ‘Mn3Sn’ to refer to our crystals for clarity.

We first show our main experimental evidence for the large anom-
alous Hall effect (AHE) at room temperature. Figure 2a presents the 
field dependence of the Hall resistivity, ρ H(B), obtained at 300 K for 
the field along [2110] (a axis). ρH(B) exhibits a clear hysteresis loop 
with a sizable jump of |Δ ρH| ≈  6 μ Ω  cm. This is strikingly large for an 
AFM, and is larger than those found in elemental transition metal 
ferromagnets (FMs) such as Fe, Co and Ni (refs 2, 3, 17). Notably, the 
sign change occurs at a small field of ~300 Oe. Furthermore, the hys-
teresis remains sharp and narrow in all the temperature range 
between 100 K and 400 K (Fig. 2b). In this temperature region, a large 
anomaly as a function of field has been seen only in the Hall resistiv-
ity. The longitudinal resistivity ρ(B) remains constant except for 
spikes at the critical fields where the Hall resistivity jumps (Fig. 2a). 

1Institute for Solid State Physics, University of Tokyo, Kashiwa 277-8581, Japan. 2PRESTO, Japan Science and Technology Agency (JST), 4-1-8 Honcho Kawaguchi, Saitama 332-0012, Japan.

Figure 1 | Crystal and magnetic structures of Mn3Sn. a, The 
crystallographic unit cell of Mn3Sn. Although there is only one 
crystallographic site for both Mn and Sn, different colours are used to 
distinguish those in the z =  0 plane and in the z =  1/2 plane. In addition to 
the unit cell frame, Mn atoms are connected by lines to illustrate that the 
face-sharing octahedra of Mn atoms form a twisted triangular tube along the  
c axis. b, Top view along the c axis of the neighbouring four unit cells in the  
a–b plane. c, An individual a–b plane of Mn3Sn. All distances are in Å. Mn 
moments (arrows) form an inverse triangular spin structure10–12. Each Mn 
moment has the local easy-axis parallel to the in-plane direction towards its 
nearest-neighbour Sn sites. Here, [2110], [1210] and [0001] are the a, b and c 
axes, respectively
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Domain wall bound states

5

TABLE I. Diagonal conductivities of supercells including the domain
walls

�

xx

�

yy

�

zz

xy-type d.w. 20.70 20.34 7.32
yz-type d.w. 19.24 19.61 7.75
xz-type d.w. 19.87 19.13 7.73

for a yz-oriented wall, for which the Hall vectors of both do-
mains have a large component normal to the wall. We checked
this directly by calculating the AHC of supercells including
the domain walls. The supercell includes 20 primitive cells
stacking along the direction normal to the domain wall. In
particular, uniquely for the yz-oriented domain wall, we find
�yz = �0.0858 for the supercell, four times larger than the
bulk value of �.0217 found for the same cell with a uniform
�

+ and �

� state and no domain wall.
A second consequence of domain wall bound states is an

intrinsic resistance across the wall, expected since the forma-
tion of bound states takes away from the weight of continuum
states which are strongly transmitted and hence contribute
to conductance. We have constructed supercells with peri-
odic boundary conditions including 60 primitive cells stack-
ing along the direction normal to the domain wall. The local
spins evolve smoothly from �

+ domain to �

� domain across
30 primitive cells inside the supercell. In other words, the
thicknewss of the domain wall is about 30 lattice constants.
The results for the diagonal conductivities for each orientation
of domain wall are tabulated in Table I, from which we indeed
see a distinct decrease in conductivity when the current is nor-
mal to the domain wall. A small effect would be expected just
from the local conductivity approximation, but this is insuffi-
cient to explain the data, which shows a weak dependence on
the thickness of the domain wall inconsistent with that model
(see Supplemental Information). This reinforces the notion
that the resistance of a domain wall is intrinsic related to the
topologically-induced bound states.

While we focused on the domain walls, it is worth noting
that the Z6 vortex lines may have their own electronic states.
Calculations in the Supp. Mat. show that these vortex lines
show a pronounced 6-fold pattern in their local density states,
making them detectable by scanning tunnelling microscopy
[33].

Current-driven domain-wall dynamics Let us now con-
sider the feedback of the conduction electrons on the spin tex-
ture. This is important to control of the magnetic microstruc-
ture electronically. In ferromagnets, current-induced forces
on domains and domain walls have been extensively studied,
through the mechanism of spin-transfer torque[34]. Given that
the primary order parameter of the antiferromagnet is not the
magnetization, it is unclear how consideration of torque, i.e.
conservation of angular momentum, applies here.

Instead, we take a symmetry-based approach and ask how
applied currents may appear as forces in the equation of mo-
tion for the easy spin angle ✓, Eq. (2). The result (see Supple-
mentary Information) is that the force f(j) = P (j) + Q(j)

(c)

FIG. 4. (a) A schematic illustration of the Weyl nodes in the �

+

(left) and �

� (right) domains, as well as their projections to the k

y

axis (see text). (b) The surface Fermi arcs of the �+ with the surface
normal vector x̂. (c) The domain-wall Fermi arcs with the “yz” type
domain wall (see text).

with

P (j) = p0 (jx@x✓ + jy@y✓) + p1jz@z✓ , (10)

and

Q(j) =q1 (jx @z✓ cos ✓ + jy @z✓ sin ✓)+

q2 jz (@x ✓ cos ✓ + @y ✓ sin ✓) . (11)

The P (j) term, due to the lack of sine/cosine factors, respects
the approximate continuous U(1) rotation symmetry of ✓. We
understand therefore that it would arise even were single-ion
anisotropy and other symmetry breaking neglected. Since the
U(1)-symmetric forces are dominant in the Mn3Sn family, we
expect that quantitatively P (j) � Q(j), which violates this
symmetry.

Despite the intrinsic antiferromagnetic nature of the system,
the P (j) terms appear formally very similar to spin-transfer
torques. They could be understood in a hydrodynamic fashion
as describing “convection” of the spin texture with or against
the current flow (grouping them with the time-derivative re-
sults in a convective derivative). The Q(j) are less familiar,
but may be motivated by the notion that AHE induces trans-
verse forces, and indeed replacing with currents in the P (j)
forces by transverse ones according to the AHE would pro-
duce just these terms.

Using the equation of motion, we propose a realistic ap-
proach to control the domain-wall motions based on current.
Again we consider applying an external magnetic field along
the hard axis direction, say [100] (x), such that two domains
�

+ (✓=�2⇡/3) and �

� (✓=�⇡/3) are selected forming do-
main walls as shown in Fig. 5(a). The incident current flows
along the �x direction, normal to the domain wall. Accord-
ing to Eq. (10), the p0 jx @x✓ term tends to drive the domain
wall opposite to the direction of the current flow. [It probably

ARPES of domain wall 
seems challenging to say 

the least!

•Transport: enhanced intrinsic Hall 
conductivity within a DW?

•STM: signatures of bound states in LDOS?
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Band structure

• bandwidth ~1eV
• no large Fermi surface: true semi-metal
• large rare-earth d-orbital content: substantial coupling to rare 

earth moments
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I 2&'=„

12.1

X
Ag
Au
Pd

15
15
30

Xbulk
(emu/mol)

0.018
0.032
0.009

y( Q) /F ( Q)'
(emu/mol)

0.017
0.039
0.011

(Q)/F(Q)'
(emu/mol)

0.006
0.005
0.003

TABLE II. Static bulk susceptibility yb„&k from Ref. 1 and
the total susceptibility, y(Q)/F (Q), and van Vleck susceptibili-
ty, y (Q)/F(Q)', as calculated from the magnetic neutron
scattering intensities resulting from the CF analysis at the
respective temperatures T.

Ce Ag2 Si2 Ce Au2 Si2 Ce Pd2 Sl2 Ce Ru2 S(2 Ce Cu&Si2

FIG. 3. CF schemes of the CeX2Si2 with X=Ag, Au, Pd, and
Cu. The copper scheme is taken from Ref. 19. The arrow indi-
cates where in the sequence the total splitting of CeRu2Si2 is ex-
pected.

tion matrix elements. The parameters W and x„can be
simply converted into the 8„.' The sign of x44 or 84
changes the symmetry of the eigenstates, but it does not
inhuence the squared matrix elements. Therefore we can-
not distinguish between the al+—', )+bl+ —', ) and the
al+ —,

' ) bl + —,
' ) s—tate (the a and b parameters remain un-

changed).
The relative intensities of the quasielastic and inelastic

lines as well as the positions of the inelastic excitations
are determined by the CF parameters 8' x40, and x44.
The only adjustable parameters left are the quasielastic
and inelastic linewidths. However, from previous high-
resolution measurements with cold incident neutrons, "'
we already know the quasielastic linewidths. Therefore
we did not have to vary the quasielastic linewidths; they
were set to the high-resolution values. There is one pecu-
liarity concerning CeAu2Siz. In Ref. 11 it is pointed out
that above the ordering transition ( Tz = 10 K) the quasi-

elastic scattering contains a Lorentzian and a non-
negligible Gaussian contribution (Io,„„/IL„-1.8). The
latter was attributed to critical fiuctuations preceding the
magnetic order and is taken into account for the CF
analysis. For particular sets of 8, x40, and x44, we ob-
tained good fits to the data at low- and high-scattering
angles, including the phonon correction as already de-
scribed (see the solid lines in Fig. 1). The dashed lines in
Fig. 1 reAect the pure magnetic scattering as given by the8' x40, and x44 parameters. In Fig. 3 the corresponding
CF schemes are shown, and in Table I the CF parameters
(for convenience the B„are given as well) and the eigen-
states are listed. The 12-meV spectra of CeAg2Si2 and
CeAu2Siz at 120 K and 150 K, respectively, could be
fitted with the same CF parameters as the 50-meV spec-
tra at low temperatures (see the solid line in Fig. 2), only
the inelastic linewidths had to be varied because of the
broadening with increasing temperature. The first and
second excited states in CePd2Si2 are exchanged in com-
parison to the other CeX2Si2 compounds. This might be
due to the larger uncertainty in the data analysis of the
CePd2Si2 spectra which is caused by the broader excita-
tion spectrum (the transitions II)~I2) and Il)~I3)
are not resolved).

TABLE I. Crystal-field parameters W, x40, and x44 and the corresponding B2, B4, and B4 as deter-
mined from the CF analysis. The W and B„paraineters are given in meV. The I I), I2), and I3)
represent the eigenstates of the ground state, first excited state, etc. The a and b parameters are the fac-
tors of the I+—') aud I+—'). The CeCuzSiz values are taken from Ref. 20. In the last line the unit-cell

0 3
volumes of the CeX2Si2 (X=Ag, Au, Pd, and Cu) are listed in A

x40
x44

CeAg2Si2
—4.3+0.2
0.043+0.01
0.933+0.09

CeAu2Si2
—6.4+0.3—0.26+0.02
0.70+0.04

CePd2S)&

—6.1+0.3
0.001+0.002
0.53+0.10

CeCu2Si2
—9.3+0.1—0.22+0.07
0.70+0.05

BO
B04
B4

—0.04+0.11—0.003+0.001—0.33+0.03

—0.09+0.10
0.028+0.003—0.38+0.03

—0.95+0.22—0.0001+0.0002—0.27+0.06

—0.26+0.10
0.034+0.01—0.54+0.04

0.730
0.684

0.604
0.797

0.899
0.437

0.83
0.56

bl+-', &
—al+-', &

I+-,' &

al+ —', &+bl+ —', &

bl+ —,
'

&
—al+ —', &

I+-,' &

al+—', &+bl+-,' &

I+-,' )
bl+,' &

—al+ —,
'

&

al+—', &+bl+ —', )

bl+ ', & al+-',&-—
I+-,' &

al+-,' &+bl+-,' &

192.55 190.17 177.62 167.34

Ce3+ typically Ising-like Kramers doublet

e.g. A. Severing et al, 1989

effective S=1/2 spin below 
~10meV ~ 100K energy scale

4f1 configuration: large orbital 
component and hence strong 

magnetic anisotropy
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Magnetic 
transition at 5K 

2 Ce sublattices.  Order 
does not enlarge unit cell



Kondo lattice scales
H = Hband + JK

X

i

Si · c†i
�

2
ci

RKKY
JRKKY ⇠ J2

K

EF

JK ⇠
p

JRKKY EF

5K 1eV

~100meV?



Summary: key features

• Semi-metal

• Small bandwidth ~ 1eV

• Large JK ~ 100meV

• Strong magnetic anisotropy/SOC

• Low TN ~ 5K
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FIG. S1: (A) Powder neutron diffraction pattern at 1.8 K (< TN) and 10 K (> TN). The inset

shows the peak profile near the (002) position. (B) Magnetic peak profile obtained by subtracting

the profile at 10 K from that at 1.8 K. (C and D) Ce ordering patterns of magnetic moment

deduced from symmetry analysis. Symmetrically inequivalent moments are depicted by arrows

with different color. (E) Magnetization M for H ∥ [100] and H ∥ [001] at T = 2 K.

pattern based on extinction rules derived from the magnetic space group [4]. This procedure

gives the set of simplest possible (highest symmetry) magnetic structures Im′m2′ (Fig. S1C)

and Fd′d2′ (Fig. S1D) for CeAlGe. The former has a collinear magnetic structure (m ∥

[100]) with independent moments on the symmetrically inequivalent A and B sublatttice

sites. The latter has a coplanar magnetic structure with m = (mx, my, 0) on sublattice A

and (−my, −mx, 0) on sublattice B related by a diamond glide plane operation. Theoretical

calculation support the stability of those structures and suggest Fd′d2′ as theH = 0 structure

and Im′m2′ is stabilized at finite field (see Sec.). Both structures have the magnetization

easy axis in the (001) plane consistent with the observed anisotropy shown in Fig. S1E.

S3. ANGULAR MAGNETORESISTANCE FORM PREDICTED BY UNDERLY-

ING SYMMETRY

The resistivity tensor ρij defined as Ei =
∑

j ρijIj (Ei is the electrical field along the

crystallographic axis ξi and Ij the electric current density along ξj) has a form specified by

the underlying magnetic point group symmetry [5, 6]. In this section, we describe the form

S4

• In-plane field shows 
ferromagnetic 
component

• Out of plane field 
paramagnetic

• If you look carefully, 
hints of more transitions
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Suzuki Angular Magneto-Resistance
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Effect is tied to crystalline 
axes.  Yet appears only 

below critical temperature.

Must be some effect of space 
group symmetry breaking. Unique 

to <100> axis?



Symmetry
2.1 Magnetic field

Note that the resistivity, if you think about it as a Kubo formula (for conductivity, rather), is a quantity
calculated in equilibrium, at I = 0 (I is the current). Therefore, the direction of the current should not actually
matter.

symmetry (hx, hy, hz) h doesn’t break sym. explicitly if (Nx, Ny, Nz) N breaks spont. if
TR (�hx,�hy,�hz) h = 0 (�Nx,�Ny,�Nz) N 6= 0

C2 (�hx,�hy, hz) hx = hy = 0 (�Nx,�Ny, Nz) Nx 6= 0 or Ny 6= 0
m010 (�hx, hy,�hz) hx = hz = 0 (�Nx, Ny,�Nz) Nx 6= 0 or Nz 6= 0

m100⇥TR (�hx, hy, hz) hx = 0 (�Nx, Ny, Nz) Nx 6= 0
m100 (hx,�hy,�hz) hy = hz = 0 (Nx,�Ny,�Nz) Ny 6= 0 or Nz 6= 0

m010⇥TR (hx,�hy, hz) hy = 0 (Nx,�Ny, Nz) Ny 6= 0
C2⇥TR (hx, hy,�hz) hz = 0 (Nx, Ny,�Nz) Nz 6= 0

m110
⇤ ⇥ C2 (�hy,�hx,�hz) hy = �hx and hz = 0 (Ny, Nx, Nz) Nx 6= Ny

m110
⇤⇥TR (�hy,�hx, hz) hy = �hx (Ny, Nx,�Nz) Nx 6= Ny or Nz 6= 0

C4C4C4
⇤⇥TR (�hy, hx,�hz) h = 0 (Ny,�Nx, Nz) Nx 6= 0 or Ny 6= 0

C4
⇤ (�hy, hx, hz) hx = hy = 0 (Ny,�Nx,�Nz) N 6= 0

C4
⇤⇥TR (hy,�hx,�hz) h = 0 (�Ny, Nx, Nz) Nx 6= 0 or Ny 6= 0

C4C4C4
⇤ (hy,�hx, hz) hx = hy = 0 (�Ny, Nx,�Nz) N 6= 0

m110
⇤ (hy, hx,�hz) hx = hy and hz = 0 (�Ny,�Nx, Nz) Ny 6= �Nx

m110
⇤ ⇥ C2⇥TR (hy, hx, hz) hx = hy (�Ny,�Nx,�Nz) Ny 6= �Nx or Nz 6= 0

Table 2: All transformations for h.

2.2 g-tensors

Magnetic field terms are of the form Hh = �h ·
P

i gi · Si, so that, upon applying symmetries, the gi should
remain itself (up to i changing by a lattice vector). Hence, using the following symmetries, gA,B are constrained
to be:

gA =

0

@
gx

gy
gz

1

A and gB =

0

@
gy

gx
gz

1

A . (1)

The operation taking A into B is for example

2.3 Exchanges

Exchange terms are of the form HJ =
P

hiji Si · Jij · Sj , and one should focus on the symmetries which keep
the hiji bonds invariant.

We find the following exchange matrices (see Appendix):

J12 =

0

@
Jxx 0 Jxz
0 Jyy 0
Jzx 0 Jzz

1

A , J13 =

0

@
Jxx 0 �Jxz
0 Jyy 0

�Jzx 0 Jzz

1

A , J41 =

0

@
Jyy 0 0
0 Jxx �Jxz
0 �Jzx Jzz

1

A , J51 =

0

@
Jyy 0 0
0 Jxx Jxz
0 Jzx Jzz

1

A ,

J17 =

0

@
J 0
xx 0 0
0 J 0

yy J 0
yz

0 �J 0
yz J 0

zz

1

A , J18 =

0

@
J 00
xx 0 J 00

xz

0 J 00
yy 0

�J 00
xz 0 J 00

zz

1

A , J32 =

0

@
J 0
yy 0 �J 0

yz

0 J 0
xx 0

J 0
yz 0 J 0

zz

1

A , J54 =

0

@
J 00
yy 0 0
0 J 00

xx �J 00
xz

0 J 00
xz J 00

zz

1

A .

(2)

need to be careful because it seems that sometimes the

0
and

00
have been used for 18 and 17,

respectively instead of how it is in Eq. (2).
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Symmetry
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Note that the resistivity, if you think about it as a Kubo formula (for conductivity, rather), is a quantity
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need to be careful because it seems that sometimes the

0
and
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have been used for 18 and 17,

respectively instead of how it is in Eq. (2).
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Fields along <100> axes preserve this 
“magnetic mirror” symmetry



Minimal model

A

A

B

B
Two Ce sublattices

rise in M(H) is observed (shown inset) followed by a gentle increase towards a saturation

moment of 0.94µ
B

/Ce. From the associated real part of the AC magnetic susceptibility �0

and its field derivative d�0/dH two further field scales µ0H1 = 1.3 T and µ0H2 = 2.85 T

can be identified which bracket the ⇢
xx

(H) peak associated with SAMR (marked by arrows

in Fig. 2B). An alternate view of the SAMR regime with changing ✓ is shown in Fig. 2C,

where outside of H 2 [H1, H2] a slowly-varying ✓ dependence characteristic of conventional

AMR is observed [26]. Focusing on the SAMR region, the sharpest response is seen as a

peak in ⇢
xx

(✓) for µ0H = 1.75 T with FWHM �✓ = 0.9�. The angular derivative d⇢
xx

/d✓

(per radian) normalized by the zero field resistivity ⇢0 is shown in Fig. 2D. The largest value

900% radian�1 is two orders of magnitude larger than in permalloy (a conventional AMR

material) [26] , while the small �✓ is reminiscent of the response in Sr3Ru2O7 [29, 30] but

more than an order of magnitude narrower here.
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Resistivity
Extra resistance comes from domain walls

⇢e↵ = ⇢+
⇢̃dw
`d

Vdw = ⇢̃dwj

`d

Size of the effect depends on size of ⇢̃dw



Domain wall
Strong anisotropy/Ising order: 

narrow domain walls

Crudely, effective potential for electrons is 
“abrupt”: strong scattering if Fermi energy is low



Phase space

Landauer-Büttiker: one channel for each transverse momenta

Bound states at domain walls, while interesting, are hard to directly observe. More easily
observed are e↵ects of transport across a wall, e.g. the resistance of a domain wall. Some simple
considerations, which we now detail, suggest the latter is an interesting quantity for these types of
materials. Consider a flat domain wall located on the plane x = 0 in three dimensions. The two
domains are related by one of the spontaneously broken symmetries of the system, which is a space
group operation. Far from the domain wall, i.e. at x ! ±1, the system is translationally invariant
and in one of these two states. In each domain, we can define a band structure, which depends in
detail on the form of the magnetic order, and is di↵erent in the two cases. The low energy physics,
most importantly transport, is governed by the electronic states near the Fermi energy. These form
one or more Fermi surfaces in either case. If the operation relating the two domains is other than
translation, then the Fermi surfaces are di↵erent, and related by the corresponding operation on
the momentum.

We apply the Landauer-Büttiker formalism for the transport across the wall, imagining a sample
of cross-sectional area L2 in the y-z plane and infinite in x. This is e↵ectively a multi-channel
1d conductor, with L2 channels given by the quantized momenta k? = k

y

, k
z

for the tranverse
directions. Accordingly, the conductance G

xx

in the x-direction is equal to

G =
L

2X

n=1

g
n

e2

h
, (1)

where g
n

is the transmission of the nth mode of the conductor at the Fermi energy. Fermi surfaces
do not span the whole Brillouin zone and so modes do not exist at the Fermi energy at all momenta.
A necessary condition for any non-zero transmission is that a mode exists at the Fermi energy on
both sides of the domain wall. Geometrically, this condition requires that the projections of the
two Fermi surfaces onto the k

y

� k
z

plane of the domain wall both contain the momentum of the
quantized mode k?. Taking into account only the non-vanishing contributions, Eq. (1) becomes

G = L2 A
int

(2⇡)2
T
e2

h
, (2)

where A
int

is the intersection area in momentum space, and T < 1 is the average transmission of
the geometrically-allowed modes. Now it is apparent that a large domain wall resistance appears
when the Fermi surface overlap is small. For example, in the limit of an ideal Weyl semimetal
with pointlike Fermi surfaces, if the Weyl points are in di↵erent positions in the two domains, the
overlap is zero and the conductance vanishes!

The proportionality of the conductance to L2 is what is expected classically for a conductor,
so Eq. (2) can just be interpreted in terms of an intrinsic relation between the current density
j = I/L2 across the domain wall and the corresponding voltage drop, V = G�1I = ⇢̃

dw

j, where
⇢̃
dw

= L2/G in Eq. (2).
It may be instructive to use this to estimate the contribution of domain walls to the bulk

resistivity. Crudely modeling the transport through a mosaic of domains of typical size `
d

as a 1d
stack of domain walls with the usual current-voltage relation and a bulk resistivity ⇢, we obtain

⇢e↵ = ⇢+
⇢̃
dw

`
d

= ⇢+
(2⇡)2

A
int

`
d

T�1 h

e2
. (3)

Using the usual Drude estimate ⇢ ⇠ h/e2 1
k

2
F `

, where ` is the usual mean free path, we find that the

fractional change in resistivity due to domain walls is of order

⇢e↵ � ⇢

⇢
⇠ 1

k2
F

A
int

`

`
d

T�1. (4)

D–5

BUT sum only includes modes that 
exist at Fermi energy on both sides
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Weyl points
7

If we only keep the leading-order term of m
yx

and
m

xz

(see Eq. (11), then the solutions of the first
line of Eq. (15) are the two horizontal lines k

y

=

±
q
(m0

yx

)2 � (m0

xz

)2 (assuming |m0

yx

| > |m0

zx

|). The so-

lution of the second line of Eq. (15) is a closed loop in
the k

z

= 0 plane which is symmetric about the k
y

axis.
Therefore, there are either 4 solutions or 0 solutions. It
turns out that in the case of CeAlGe, there are four so-
lutions for Eq. (15), leading to 4 Weyl nodes around ⌃

x

in the k
z

=0 plane (or 4 Weyl nodes around e⌃�x

in the
k
z

= 2⇡/c plane). Combining the space-group and lattice
translational symmetries, we find that there are in total
16 Weyl nodes resulted from the solutions of Eq. (15) in
the k

z

=0 and k
z

=2⇡/c planes.
On the other hand, the 16 type-II Weyl nodes discussed

in Sec. (V) are derived from the m
xz

and m
yz

terms (see
PRX 5 011029):

H
⌃

x

(k
z

= 0) =b · k+
X

i=x,y,z

m
i0

�
i

+m
xz

�
x

⌦ s
z

+m
yx

�
y

⌦ s
x

, (16)

where the k · p term makes the Weyl cone over-tilted
along the direction specified by b, and leads to type-II
Weyl node. The eigenenergies of Eq. (16) are:

E±,±(k) = b·k±
q

(m
x0

±m
xz

)2 + (m
y0

±m2

yz

) +m2

z0

(17)
which may have four solutions which are symmetric
about the k

z

= 0 and k
y

= 0 planes (PRX 5 011029).
These solutions are responsible for the 16 type-II nodes
discussed in Sec. V.

Now we add the coupling between the local moments
and the conduction electrons, and ask how the four Weyl
nodes around ⌃

x

in the k
z

= 0 plane move due to the
couplings with the magnetic order. We first write down
the symmetry allowed Kondo coupling term at ⌃

x

point:

HK

⌃

x

= �
X

i=x,y,z

( J
Ai

M
Ai

s
i

+ J
Bi

M
Bi

s
i

) , (18)

where there are six independent Kondo coupling parame-
ters {J

Ai

, J
Bi

}, which couple the conduction electrons to
M

A

and M
B

. Here we make a crude approximation: we
argue that the leading-order e↵ects from the local mag-
netic moments are captured by the isotropic part of the
Kondo coupling, i.e.,

HK

⌃

x

⇡ �J
0

X

i,x,y,z

(M
Ai

s
i

+M
Bi

s
i

) , (19)

It should be noted that, if M
A

and M
B

are within x� y
plane, then HK

⌃

x

also respects C
2z

T symmetry. As a
result, the HK

⌃

x

term would move the Weyl nodes only
within the k

z

=0 plane. The total k · p Hamiltonian in
the k

z

=0 plane including both SOC and the coupling to
magnetic order is then the sum of Eq. (19) and Eq. (13),

Htot

⌃

x

= H
⌃

x

+HK

⌃

x

. (20)
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FIG. 5: The Weyl nodes around ±⌃

x(y) in the k
z

=0 plane at

di↵erent values of Kondo couplings in the two domains:M
A

=

(1, 0, 0), M
B

= (0, 1, 0); and M
A

= (1, 0, 0), M
B

= (0,�1, 0)
. The blue circles indicate the Weyl nodes without being

coupled to the local moments, the red crosses and black circles

represent the Weyl nodes with M
A

= (1, 0, 0), M
B

= (0, 1, 0),
and M

A

= (1, 0, 0), M
B

= (0,�1, 0), respectively. As the

Kondo coupling increases, the Weyl nodes move along the

directions indicated by the dashed arrows. (a) Weyl nodes

around ⌃

x

and �⌃

x

are denoted by open and solid circles

respectively. (b) Weyl nodes around ⌃

y

and �⌃

y

are denoted

by open and solid circles respectively. k
x

, k
y

are expanded

around ±⌃

x(y), which are in arbitrary units. The “+” and

“-” signs indicate the chirality of the Weyl nodes.

As mentioned above, Htot

�⌃

x

is mapped to Htot

⌃

x

by a
M

y

T or M
x

operation. But we should also keep in mind
that the two domains (which emerge in the presence of
[100] magnetic field) are mapped to each other by exactly
the same operation. So we know that the eigenenergies
of Htot

⌃

x

in domain 2(domain 1) is the same as the eigen-
energies of Htot

�⌃

x

in domain 1(domain 2).
On the other hand, the Hamiltonian at ±⌃

y

Htot

±⌃

y

are

related to Htot

⌃

x

by C
4z

and C�1

4z

rotations,

Htot
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y

=C
4z

Htot

⌃

x

C�1

4z

=H
⌃

x

(C�1

4z

k) +HK

⌃

x

(C�1
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Next we choose some coe�cients forH
⌃

x

(k
z

=0) which
have four Weyl-node solutions that are symmetric about
k
y

= 0 axis (in the absence of magnetic order), then
add the isotropic Kondo coupling term Eq. (19), set-
ting M

A

= (1, 0, 0), M
B

= (0, 1, 0) in domain 1, and
M

A

= (1, 0, 0), M
B

= (0,�1, 0) in domain 2. We nu-
merically find the Weyl nodes in the k

z

= 0 plane. The
results are shown in Fig. 5. The blue circles indicate
the Weyl nodes without being coupled to the local mo-
ments, the red and black circles represent the Weyl nodes
with M

A

= (1, 0, 0), M
B

= (0, 1, 0), and M
A

= (1, 0, 0),

Low symmetry, 
SOC: Weyl point 
locations depend 

on domain

(from DFT-fit tight-binding model)
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projection to interface BZ

Only overlapping portions contribute!
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Bound states at domain walls, while interesting, are hard to directly observe. More easily
observed are e↵ects of transport across a wall, e.g. the resistance of a domain wall. Some simple
considerations, which we now detail, suggest the latter is an interesting quantity for these types of
materials. Consider a flat domain wall located on the plane x = 0 in three dimensions. The two
domains are related by one of the spontaneously broken symmetries of the system, which is a space
group operation. Far from the domain wall, i.e. at x ! ±1, the system is translationally invariant
and in one of these two states. In each domain, we can define a band structure, which depends in
detail on the form of the magnetic order, and is di↵erent in the two cases. The low energy physics,
most importantly transport, is governed by the electronic states near the Fermi energy. These form
one or more Fermi surfaces in either case. If the operation relating the two domains is other than
translation, then the Fermi surfaces are di↵erent, and related by the corresponding operation on
the momentum.

We apply the Landauer-Büttiker formalism for the transport across the wall, imagining a sample
of cross-sectional area L2 in the y-z plane and infinite in x. This is e↵ectively a multi-channel
1d conductor, with L2 channels given by the quantized momenta k? = k

y

, k
z

for the tranverse
directions. Accordingly, the conductance G

xx

in the x-direction is equal to

G =
L

2X

n=1

g
n

e2

h
, (1)

where g
n

is the transmission of the nth mode of the conductor at the Fermi energy. Fermi surfaces
do not span the whole Brillouin zone and so modes do not exist at the Fermi energy at all momenta.
A necessary condition for any non-zero transmission is that a mode exists at the Fermi energy on
both sides of the domain wall. Geometrically, this condition requires that the projections of the
two Fermi surfaces onto the k

y

� k
z

plane of the domain wall both contain the momentum of the
quantized mode k?. Taking into account only the non-vanishing contributions, Eq. (1) becomes

G = L2 A
int

(2⇡)2
T
e2

h
, (2)

where A
int

is the intersection area in momentum space, and T < 1 is the average transmission of
the geometrically-allowed modes. Now it is apparent that a large domain wall resistance appears
when the Fermi surface overlap is small. For example, in the limit of an ideal Weyl semimetal
with pointlike Fermi surfaces, if the Weyl points are in di↵erent positions in the two domains, the
overlap is zero and the conductance vanishes!

The proportionality of the conductance to L2 is what is expected classically for a conductor,
so Eq. (2) can just be interpreted in terms of an intrinsic relation between the current density
j = I/L2 across the domain wall and the corresponding voltage drop, V = G�1I = ⇢̃

dw

j, where
⇢̃
dw

= L2/G in Eq. (2).
It may be instructive to use this to estimate the contribution of domain walls to the bulk

resistivity. Crudely modeling the transport through a mosaic of domains of typical size `
d

as a 1d
stack of domain walls with the usual current-voltage relation and a bulk resistivity ⇢, we obtain

⇢e↵ = ⇢+
⇢̃
dw

`
d

= ⇢+
(2⇡)2

A
int

`
d

T�1 h

e2
. (3)

Using the usual Drude estimate ⇢ ⇠ h/e2 1
k

2
F `

, where ` is the usual mean free path, we find that the

fractional change in resistivity due to domain walls is of order

⇢e↵ � ⇢

⇢
⇠ 1

k2
F

A
int

`

`
d

T�1. (4)
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We apply the Landauer-Büttiker formalism for the transport across the wall, imagining a sample
of cross-sectional area L2 in the y-z plane and infinite in x. This is e↵ectively a multi-channel
1d conductor, with L2 channels given by the quantized momenta k? = k

y

, k
z

for the tranverse
directions. Accordingly, the conductance G

xx

in the x-direction is equal to

G =
L

2X

n=1

g
n

e2

h
, (1)

where g
n

is the transmission of the nth mode of the conductor at the Fermi energy. Fermi surfaces
do not span the whole Brillouin zone and so modes do not exist at the Fermi energy at all momenta.
A necessary condition for any non-zero transmission is that a mode exists at the Fermi energy on
both sides of the domain wall. Geometrically, this condition requires that the projections of the
two Fermi surfaces onto the k

y

� k
z

plane of the domain wall both contain the momentum of the
quantized mode k?. Taking into account only the non-vanishing contributions, Eq. (1) becomes

G = L2 A
int

(2⇡)2
T
e2

h
, (2)

where A
int

is the intersection area in momentum space, and T < 1 is the average transmission of
the geometrically-allowed modes. Now it is apparent that a large domain wall resistance appears
when the Fermi surface overlap is small. For example, in the limit of an ideal Weyl semimetal
with pointlike Fermi surfaces, if the Weyl points are in di↵erent positions in the two domains, the
overlap is zero and the conductance vanishes!

The proportionality of the conductance to L2 is what is expected classically for a conductor,
so Eq. (2) can just be interpreted in terms of an intrinsic relation between the current density
j = I/L2 across the domain wall and the corresponding voltage drop, V = G�1I = ⇢̃

dw

j, where
⇢̃
dw

= L2/G in Eq. (2).
It may be instructive to use this to estimate the contribution of domain walls to the bulk

resistivity. Crudely modeling the transport through a mosaic of domains of typical size `
d

as a 1d
stack of domain walls with the usual current-voltage relation and a bulk resistivity ⇢, we obtain

⇢e↵ = ⇢+
⇢̃
dw

`
d

= ⇢+
(2⇡)2

A
int

`
d

T�1 h

e2
. (3)

Using the usual Drude estimate ⇢ ⇠ h/e2 1
k

2
F `

, where ` is the usual mean free path, we find that the

fractional change in resistivity due to domain walls is of order

⇢e↵ � ⇢

⇢
⇠ 1

k2
F

A
int

`

`
d

T�1. (4)

D–5



End
[100]

[001]

I || [010]
θ
φ

Super Amazing Magneto-Resistance: a 
new effect in a SOC semimetal

?One of many new effects related to 
topological defects in semimetals?


